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Abstract 



> 

in 

. It was predicted that frequently repeated measurements on an unstable quantum state may alter 

the decay rate of the state. This is called the quantum Zeno effect (QZE) or the anti-Zeno effect 
(AZE), depending on whether the decay is suppressed or enhanced. In conventional theories of the 
QZE and AZE, effects of measurements are simply described by the projection postulate, assuming 
that each measurement is an instantaneous and ideal one. However, real measurements are not 
instantaneous and ideal. For the QZE and AZE by such general measurements, interesting and 
surprising features have recently been revealed, which we review in this article. The results are based 
|| on the quantum measurement theory, which is also reviewed briefly. As a typical model, we consider 

a continuous measurement of the decay of an excited atom by a photodetector that detects a photon 
emitted from the atom upon decay. This measurement is an indirect negative-result one, for which 
the curiosity of the QZE and AZE is emphasized. It is shown that the form factor is renormalized as 
a backaction of the measurement, through which the decay dynamics is modified. In a special case of 
the flat response, where the detector responds to every photon mode with an identical response time, 
results of the conventional theories are reproduced qualitatively. However, drastic differences emerge 
in general cases where the detector responds only to limited photon modes. For example, against 
K> ' predictions of the conventional theories, the QZE or AZE may take place even for states that exactly 

follow the exponential decay law. We also discuss relation to the cavity quantum electrodynamics. 
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1 Introduction 

The standard quantum theory assumes two principles for time evolution ^ |2] ; the continuous unitary 
evolution in the absence of measurement, and the projection postulate connecting the pre- and post- 
measurement states. Using these principles, an interesting prediction was obtained by analyzing the 
gedanken experiment in which the initial state of a quantum system is unstable and one repeatedly 
checks whether the unstable state has decayed or not 0J |S] . Until the system is measured, the state 
vector undergoes the unitary evolution according to the Schrodinger equation. It is then shown that at 
the very beginning of the decay the survival probability s(t) of the unstable state decreases very slowly 
as a function of the elapsed time t as 1 — s(t) cx i 2 , whereas in the later time stage s(t) decreases much 
faster, typically exponentially. The time scale t 3 at which the crossover between these different behaviors 
takes place is called the jump time [Sj. On the other hand, the projection postulate tells us that at every 
moment an observer confirms the survival of the system through the measurement, the quantum state 
of the system is reset to the initial undecayed one. Combining these two observations, one is led to an 
interesting conclusion that the decay rate is reduced if the intervals Tj of the repeated measurements 
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is shorter than t y In the limit of Tj/tj — > +0, in particular, the decay is completely suppressed, i.e., 
the system is frozen to the initial undecayed state. This phenomenon is called the quantum Zeno effect 
(QZE) [7||HliniEI- It was also predicted later that for slightly longer t\ (~ t-f) the opposite effect, i.e., 
acceleration of decay, can occur in some quantum systems. This is called the quantum anti-Zeno effect 
(AZE) or inverse Zeno effect m^JEDEl The QZE and AZE are sometimes called simply the Zeno 
effect. 

Most importantly, the reasoning leading to these predictions is independent of details of quantum 
systems, and thus the Zeno effect is expected to occur widely in quantum systems. In particular, the com- 
plete suppression of the decay in the limit of T\/t- } — > +0 is universal, common to all quantum systems. 
However, the reasoning leading to such interesting and universal conclusions needs to be reexamined, 
because it assumes that each measurement is an instantaneous ideal measurement. Here, the term 'in- 
stantaneous' means that the response time r r of the measuring apparatus is much shorter than other 
relevant time scales such as r;. The term 'ideal' means that the post-measurement state is given by the 
projection postulate, which implies many conditions such as the measurement error is zero. Unfortu- 
nately, these conditions are not strictly satisfied in real measurements. Therefore, the Zeno effect by such 
general measurements is interesting and to be explored. 

To study the time evolution of quantum systems under general measurements, one must apply the 
quantum measurement theory, which has been developed for several decades [Tl 1151 ITH1 1171 1181 1191 1201 HH1 
I22II2.'S| . The point of the quantum measurement theory is that one must apply the laws of quantum theory 
to the joint quantum system composed of the target system S of interest and (a part of) the measuring 
apparatus A. In other words, the 'Heisenberg cut' separating the quantum system and the rest of the 
world should be located not between S and A but between S+A and the rest A'. Although the boundary 
between A and A' can be taken quite arbitrarily, one can obtain the same results if S+A is taken to be large 
enough, i.e., if the Heisenberg cut is properly located pQ. One can then calculate all relevant quantities, 
including the response time, measurement error, range of the measurement, and the post-measurement 
state, and so on. One can thus calculate the decay rate under general measurements as a function of these 
relevant quantities. Furthermore, although the necessity of the projection postulate in the analysis of the 
Zeno effect has been a controversial point for a long time |l()j . the quantum measurement theory gives 
a clear answer: As far as the Zeno effect is concerned one can analyze it without using the projection 
postulate at all if S+A is taken to be large enough. 

The purpose of the present article is to review results for the Zeno effect by general measurements. We 
show that the conclusions of the conventional theories, which assume instantaneous ideal measurements, 
are modified drastically depending on the natures of real measurements. In particular, some of common 
wisdoms deduced by the conventional theories break in general measurement processes. For example, the 
Zeno effect can take place even for systems with tj — > +0 |^] [25] , for which the conventional theories 
predicted that the Zeno effect never occurs. 

Note that in the original papers of the QZE a truly decaying state was analyzed, for which s(t) in the 
absence of measurements decreases monotonically. However, the Zeno effect has also been discussed on 
other classes of states such as states for which s(t) oscillates with t (Rabi oscillation) |2EIEZ|- Furthermore, 
although the QZE was discussed as a result of measurements in the original papers, some works use the 
term QZE or AZE for changes of the decay rate induced by any external perturbations such as external 
noises |2H1 HH E0] • The former may be called the Zeno effect in the narrow sense, whereas the latter may 
be called the Zeno effect in the broad sense. Moreover, it is sometimes argued that the Zeno effect is 
curious or surprising only when the measurements are indirect and negative-result ones jl()| . Although 
these different views concern merely the definition of the terms QZE and AZE, they have been the origins 
of certain confusion or controversy. We will therefore notice the above points where it is needed. 

The present article is organized as follows. In Sec. [21 we review the free quantum dynamics of 
unstable states, i.e., the dynamics while the system is not being measured, by solving the Schrodinger 
equation. After presenting a typical model of unstable systems, we describe a simple technique to solve 
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the model, and explain characteristics of the survival probability of the unstable state. By combining 
the results of Sec. |3 and the projection postulate, we review in Sec.|3|the conclusions of the conventional 
theories of the Zeno effect, which assumed instantaneous ideal measurements. The decay rate under 
repeated measurements is presented as a function of the measurement intervals Tj, and the conditions for 
inducing the QZE or AZE by instantaneous ideal measurements are clarified. The quantum measurement 
theory is briefly reviewed in Sec. in such a way that it provides for basic knowledge that are required 
to understand not only the Zeno effect but also many other topics of quantum measurements. After 
presenting the prescription for analyzing general measurements, we summarize relevant quantities such 
as the measurement error and the range of the measurement, as well as useful concepts, such as indirect 
measurements and negative-result measurements. We also explain why one can analyze the Zeno effect 
without using the projection postulate. We then give a simple explanation of the Zeno effect using the 
quantum measurement theory. In Sec.0 we analyze the Zeno effect by the quantum measurement theory. 
We employ a model which describes a continuous indirect negative-result measurement of an unstable 
state. It is shown that the form factor is renormalized as an inevitable backaction of measurement, and this 
renormalization plays a crucial role in the Zeno effect. We study the case of a continuous measurement 
with flat response in Sec. 15.31 and show that the results almost coincide with those obtained by the 
conventional theories, which assumed repeated instantaneous ideal measurements. In contrast, we show 
in Sees. 15.41 15.51 and 15.61 that dramatic differences emerge if the response is not flat. In Sec. El relation 
between the Zeno effect and other phenomena, such as the motional narrowing, is discussed. In particular, 
we discuss the close relationship between the cavity quantum electrodynamics (QED) and the Zeno effect 
by a continuous indirect measurement. Using the results of the cavity QED, we touch on the Zeno effect in 
case where the detectors are spatially separated from the target atom in Sec. 16.41 In Sec.[7| we introduce 
experimental studies on the Zeno effect on monotonically decaying unstable states. We also discuss how 
to avoid the Zeno effect in general experiments, which are designed not to detect the Zeno effect but to 
measure the free decay rate accurately. Finally, the main points of this article are summarized in Sec. [HJ 
Since Sees. 0] and [S] are rather long, guidelines are given at the beginnings of these sections, which will 
help the readers who wish to read them faster. 

2 Fundamental properties of unstable quantum systems 
2.1 A typical model of unstable quantum systems 

In this section, we review the intrinsic dynamics of unstable states in quantum systems, which occurs 
while the system is not being measured. There are many examples of unstable quantum systems: excited 
atoms 021, unstable nuclei [HJ, and so on. The dynamics of these systems are characterized by 
irreversibility; the initial unstable state decays with a finite lifetime, and the system never returns to the 
initial state spontaneously. Such an irreversible dynamics takes place when the initial state is coupled 
to continua of states, whose energies extend over a wide energy range. In the following, we employ an 
excited two-level atom with a finite radiative lifetime as a typical example of unstable quantum systems, 
but the main features of the dynamics are common to most unstable systems. 

The system is composed of a two-level atom and a photon field. The eigenmodes of the photon field 
are labeled by the wavevector k and the polarization A. For notational simplicity, we hereafter omit the 
label A and employ a single label k to discriminate photon eigenmodes. We denote the atomic raising 
(lowering) operator by <r + (cr-), the creation (annihilation) operator of a photon by b\. (6fc), and the 
vacuum state (no atomic excitation and no photons) by |0). At the initial moment (t = 0), the atom is 
in the excited state and there are no photons. Taking h = c = 1, the Hamiltonian of this system is given 



by 




(1) 
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where f2 is the atomic transition energy, e k is the energy of the mode k, and g k is the atom-photon 
coupling. The schematic energy diagram is shown in Fig.^a). Here, the dimension of k is arbitrary, and 
no specific forms of e k and g k are assumed. 

Regarding the atom-photon interaction, the rotating-wave approximation is employed |31l I32| . i.e., 
the counter-rotating terms such as (J-b k and <J+b k are neglected. The effect of counter-rotating terms may 
be partly incorporated by renormalizing the atom-photon coupling g k for off-resonant photons. Under 
the rotating-wave approximation, the number of quanta, which is defined by 

N = o + o_ + f dkb{b k , (2) 



is conserved in this system, i.e., [Hs,N] — 0. Because we have one quantum (atomic excitation) in the 
initial state, the state vector evolves restrictcdly in the one-quantum space, which is spanned by the 
following states: 

|x) = a+\Q), (3) 

|g,fe> = &I|0>, (4) 

where |x) and |g) in the left-hand-side represent the excited and ground states of the atom, respectively. 
The initial state vector, |i), is given by |i) = |x). 

Throughout this article, we employ the Schrodinger picture for describing temporal evolution. The 
state vector evolves as 

|V(t))=exp(-ii7 s i)|i), (5) 

which may be written as follows: 

|V(t)} = /(t)|x)+ / dkf k (t)\g,k), (6) 



where 

f(t) = <x|exp(-iff s i)|i), (7) 
f k (t) = (g,fc|exp(-i# s t)|i>. (8) 
f(t) is called the survival amplitude of the initial state, and its square gives the survival probability s(t); 

s(t) = \f(t)\ 2 . (9) 



2.2 Initial behavior of survival probability 

In this subsection, we briefly discuss short-time behaviors of the survival probability. Expanding exp(— iHst) 
in Eq. (JjJ) in powers of t, f(t) is given by 

/w = E^((^) i >, (io) 

where ((Hs) J ) = (i|(^s) J 1 s (t) is thus given by 

S (t) = l-((&H s ) 2 }t 2 + 0(t i ), (11) 

1 This expansion is valid when ((Hs) J ) is finite for any j. Although this assumption seems to be satisfied in real physical 
systems, {(Hs)-') can diverge if one takes a certain limit, such as the A — > oo limit taken in Sec. I5.57T1 Physically, such 
a limit should be understood as an abbreviated description of the case where A is larger than any other relevant energy 
scales. 



() 



Figure 1 : Schematic energy diagram of the Hamiltonian in (a) the raw form [Eq. QJ] , and (b) after the 
interaction modes are extracted [Eq 1|15|) ]. 



where ((AHs) 2 ) = (Hs) — (Hs) 2 is a positive quantity. It is easily confirmed that 

s(t) = |(exp(-Lff s t))| 2 = |<exp(Lff 5 <))| 2 = s(-t), (12) 

which implies that s(t) is an even function oft and therefore contains only even powers oft. Equation (|llfl 
states that s(t) decreases quadratically in time at the beginning of decay, whereas in a later period s(t) 
behaves differently depending on details of the system (see Sec. 12. 61 and Refs. 0] |3J 00 E31 EH ESI ) The 
quadratic decrease becomes important when we consider the effects of frequently repeated measurements 
on the system (see Sec. 13. 311 . 



2.3 Form factor 

Before investigating the temporal evolution in the whole time region, we transform the above Hamil- 
tonian Hs into a simpler form, where the atom is coupled to a single continuum which is labeled one- 
dimcnsionally by the energy. 



2.3.1 Interaction mode and the form factor 



In order to explain the basic idea, we preliminarily consider a simplified case where the atom interacts 
only with two photon modes b\ and bi of the same energy fi. The Hamiltonian for this simplified system 
is given by 

H sinl = £la + cj- + Lib\bi + [ib\b2 + {^\(J + bi + 720+&2 + H.c.) . 



By the following linear transformation, 



7i 72 



V7 2 + 72 V" 72 7l / V &2 / ' 
the Hamiltonian can be recast into the following form: 



7i + 7 2 2 0+B1 + H.c. 



■hb\b 2 . 



Here, only Bi interacts with the atom with the renormalized coupling constant -y/7 2 + 7! , while B2 is 
decoupled from the atom. We call B\ the interaction mode I37| . 
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Now we return to the original Hamiltonian ifg, Eq. Q). We define the interaction mode at energy /i 

by 

B^ = g^ 1 J dk S(e k - fi) g k b k , (13) 
where g^ is the form factor of the interaction, which is defined by 2 

\g^\ 2 = J dk\g k \ 2 5{e k - ii). (14) 

Here, g^ has been determined so as to normalize as [B^, B^,\ — S(fi — fi'). Using these quantities, the 
Hamiltonian Eq. is transformed into the following form: 

H s = Qa+o-- + J dfi [{g^a+B^ + H.c.) + + H lest , (15) 

where -ff res t consists of modes that do not interact with the atom. The schematic energy diagram after 
this transformation is shown in Fig. ^b). Due to our initial condition, the existence of H rcst does not 
affect the decay dynamics at all. 

In Eq. (|15|) , the atom is coupled to a single continuum B^ . This type of Hamiltonian is called the 
Friedrichs model |38| . In this model, the dynamics is determined solely by the functional form of | ^ M | 2 . 
For example, if we apply the Fermi golden rule |39) . the radiative decay rate of the atom is given by 

r FGR = 2vr|.go| 2 = 2ir J dk\g k \ 2 5(e k - fi). (16) 

In the following parts of this subsection, concrete forms of the form factor are presented for three realistic 
cases. 

2.3.2 Free space 

Firstly, we consider a case where an atom is placed in a free space |32| . The form factor is dependent 
on the dimension of the space. Here, we discuss the three-dimensional case as an example. Imposing the 
periodic boundary condition with the quantization length L, and reviving here the index A representing 
the photonic polarization, the eigenmodes and eigenenergies are given by 

f k x(r) = L- 3 / 2 e ikr e kx , (17) 
e fc A = |fc|, (18) 

where e k \ is a unit vector in the direction of polarization, which is normal to the wavevector k. k is 
discretized as k = 2n/L x (n x ,n v , n z ), where n x ,y,z — 0, ±1, ±2, • ■ • . The atom-photon coupling g k \ is 
given by 

gkx = -- A /^(x|p • /*x(r)|g>, (19) 

where m, e, r, and p are the mass, charge, position, momentum of the electron in the atom. If the 
r-dependence of f k \(r) within the atom is negligible (dipole approximation), we obtain 

I 2ir 

gkX = -ifiW fJ-atom ■ fk\(r), (20) 

V e k\ 

where fi a tom = e ( x l r |g) is the transition dipole moment of the atom. 

2 The phase of can be taken arbitrary. For example, one can take it as g M > 0. 
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Figure 2: Schematic view of the form factors in (a) a three-dimensional free space, (b) a perfect cavity, 
and (c) a leaky cavity. 



It should be noted that the atom is coupled only to photons within a finite energy range. The lower- 
bound originates in the positiveness of the photonic energy. The higher-cutoff lu c is introduced by the 
fact that (x\p ■ fkxi^lg) almost vanishes when |fe| is large, due to rapid oscillation of fk\(f). 

Now we determine the form factor, using Eq. 120fl . The form factor is given, using the formula 
Eq. IH|), by 

\9^\ 2 =Y,\9^\ 2 S(e k -^. (21) 

fc,A 

Taking the L — > oo limit and replacing the summation over k with the integral, we obtain the following 
form factor: 

\gJ 2 = \ S5F (M<^ (22) 

Thus, the form factor has a continuous spectrum in a free space, as shown in Fig. Ufa). 
2.3.3 Perfect cavity 

Next, we discuss a case where the atom is placed in a perfect cavity, whose eigenmodes do not suffer 
attenuation at all. As a model of such a perfect cavity, we consider a photon field bounded by perfect 
mirrors placed at x — and l x , y = and l y , z — and l z . The eigenmodes and eigenenergies are given 

by 

/ Q 

sin(k x x) sm(k y y) sm(k z z)e kx , (23) 

(24) 
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where k = (n x n/l x , n y ir/ly, n 2 7r/Z z ) with n x , y ,z — 1: 2, • ■ • . The atom-photon coupling constant and the 
form factor are determined by Eqs. (|19|l and (|21[) . respectively. 

A distinct difference from the free-space case is that the photonic modes are discretized. In the present 
case, the summation over k cannot be replaced with the integral, and the form factor is composed of 
delta functions located at eigenenergies, as shown in Fig.|2Ib). The energy separation becomes larger as 
the cavity lengths (l x ,l y ,l z ) are decreased. By using a small cavity, one may realize a situation where 
the atom effectively interacts only with a single eigenmode of the cavity. Then, denoting the annihilation 
operator of that eigenmode by a, the Hamiltonian of the whole system reads 

H pc — £!(7 + er_ + {gcr+a + H.c.) + uoa^a, (25) 

where loq is the energy of the eigenmode, and g is the coupling constant between the atom and the 
eigenmode. 



2.3.4 Leaky cavity 



In usual optical cavities, in order that one can input photons into the cavity from external photon modes, 
one (or more) mirror composing the cavity should be weakly transmissive. In this case, photons inside 
the cavity gradually escape into external modes through the transmissive mirror, i.e., the cavity is leaky. 
Considering for simplicity a case where the atom effectively interacts with a single cavity mode, the 
Hamiltonian for the whole system is given, extending Eq. 125[) , by 



H\ c = f2er + (7_ + (gcr+a + H.c. 



■ luqcl 'a - 



z-(atb u + bta)+wbtb u 

LIT 



(26) 



where b u denotes the annihilation operator for the external photon mode with energy u> |4L)| . The lifetime 
of the cavity mode is given by k~ 1 , and the Q- value of the cavity is given by luq/k. 

It is straightforward to derive the form factor from the above Hamiltonian, by diagonalizing the 
interaction part of the Hamiltonian between the cavity mode a and the external modes 6 W . To this end, 
hereafter denoting an infinitesimal positive constant by S, we define the following operator 41 , 



= a(ii)a + / du>/3(ii, uj)b, 



where 



(k/2tt 



i 1 / 2 



fi — luq + ift/2 ' 
k/2tt 



(/i — luq + ik/2)(ii — LU + 15) 



+ 5(n - uj). 



(27) 

(28) 
(29) 



Note that f? M is orthonormalized as [B^, Bj^,} = S(p — //). The original operators, a and 6^, are given in 
terms of B^ by 



(30) 
(31) 



dna*(p)B^, 
bui = I d^(3*{uj^)B^. 



Using B^, Eq. I|26|l is rewritten as 



Hi c = VL<j + a_ + J d[i [{ga*{n)a + B^ + H.c.) + fxB^B^ , 



(32) 
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in which the atom is coupled to a single continuum of and the energy diagram of Fig. ^b) is realized. 
Therefore, the form factor takes the following Lorentzian form: 



W" |J "'»I"» ! F^TW' (33) 

which satisfies the following sum rule: 

J d^grf =g 2 , (34) 

which holds for any K. 

To summarize, when the cavity is perfect and has no leak, the form factor is composed of delta 
functions, as shown in Fig. [2b). Contrarily, when the cavity is leaky, each delta function is broadened 
to be a Lorentzian, keeping the sum rule of Eq. t|.H4|) . as shown in Fig. EIc). 

2.4 Perturbation theory 

In the following part of Sec. El we investigate how the initial unstable state evolves in time by the 
Schrodinger equation, Eq. JSJ. Here, we calculate the survival probability etc by an elementary perturba- 
tion theory. For this purpose, we divide the Hamiltonian Eq. Q into the diagonal and interaction parts 
as 

H s = Ho+Hx, (35) 
Ho = Qcr+a- + / dke k b k b k , (36) 



H x = J dfe (g h a + b k + R.c). (37) 
It is easy to derive the following perturbative expansion for the evolution operator exp(— iHst): 



cxp(-iHst) = exp(—iH t) 



t rt i-t 

2 



l + (-i)/ dt'Hi(t') + {-if dt' dt"H 1 {t')H 1 {t") + 
o Jo Jo 



(38) 



where Hi (t) is the interaction representation of Hi , which is given by 

Hi(t) = e lkat Hie-' lkat = J dk {g k a + b k e- i{tk - n)t + H.c). (39) 

Now we calculate the decay amplitude fk (t) defined in Eq. (JBJ within the lowest-order perturbation, 
where the second-order and higher powers of Hi are neglected in Eq. I|H8|I. Then, f k (t) is reduced to the 
following form: 

f k (t) ~ -i(0\b k e iAat f dt'H x {t')a+\Q) = -i e - i( - n+e *W 2 g* k t sinc[(e fc - fi)t/2]. (40) 
Jo 

The decay probability to the photon k is given by \f k (t)\ 2 . The survival probability is therefore given by 
s(t) = 1 - J dk\f k {t)\ 2 = 1-t 2 J dk\g k \ 2 sinc 2 [{e k -n)t/2} (41) 
= 1 -t 2 [ dfi\ gi ,\ 2 smc 2 [{n-n)t/2}. (42) 
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(a) 



+ 
+ 
+ 



gk, gko 



(b) 



gk- 



gk, gk A 



Figure 3: (a) Feynman diagrams for the dressed atomic Green function. The solid and dotted lines on 
the right hand side represent the bare atom and photon Green functions A(ui) and P{uj, k), respectively, 
while the bold line on the left hand side represents the dressed Green function, (b) Feynman diagram 
representing the decay to photon k. 



In deriving the last equality, Eq. (|14|l has been used. Because Eq. (|42[1 is based on the perturbation 
theory, it is valid only for small i; deviation from an exact result becomes significant for large t, as we 
will see in Fig. |SJ However, Eq. I|42|l serves as a convenient tool as long as the short-time behavior is 
concerned, such as discussion of the QZE and AZE. 

Relation to the initial quadratic decay law, Eq. lllfl . is easily observed. At the very beginning of 
decay (more strictly, when t~ l is much larger than the spectral width of |.g^| 2 ), one can regard that 
sinc[(efc — il)t/2] ~ 1, so the right-hand-side of Eq. ll4^|) is approximated as s(t) ~ 1 — t 2 f d^g^ 2 = 
1 - ((AH s ) 2 )t 2 . 

2.5 Green function method 

In the previous subsection, the temporal evolution of unstable system is investigated by the perturbation 
theory, which is valid only for small t in principle. Here, we summarize the Green function method |42II43| . 
which is standardly used in calculating the temporal evolution of general quantum systems and gives 
reliable results even for long t. 

First, we define the bare atomic and photon Green functions in the frequency representation. They 
are given, in terms of the diagonal Hamiltonian Hq, by 

A{") = <0K 1 o-+|0) = i— , (43) 

P( W ,fe,fc') = (0|6 fe ±— 4|0)= ^ fc -y (44) 

These bare Green functions are related, through the Fourier transformation, to the non-interacting dy- 
namics of the atom and the photons. For example, 



l 

27 



duje- luJt A(uj) = (0|<7_ e- lHot a+\0) = e~ lS ". (45) 



Similarly, we define the dressed atomic Green function by 



A{w) = (0|<7_ i <t + |0). (46) 
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The dressed atomic Green function is related to the survival amplitude of the atom f(t) by 



(48) 



^ j cLje-^Aiw) = (0|a_ e -^V+|0) = /(<). (47) 

It is known that the dressed atomic Green function can be expanded in terms of the bare Green 
functions as follows, 

A{uj) = A{u) + A(u)YI(w)A(l)) + A(u)Yl(w)A(u})E(w)A(w) + ■ ■ ■ 

1 - A(w)E(cj)' 
where the self-energy E(a») is given by 

E(w) = / / dk l dk 2 g* kl g k2 P(u;,k 1 ,k2) = [ dk |gfc| = / rf^ |gAl| ~ (49) 
J J 7 - e fc + id J w - n + id 

The Feynman diagrams corresponding to Eq. (|48|l are drawn in Fig. EJa). Equation (|14|l is used in 
deriving the third equality of Eq. H49|) . We can reconfirm by Eqs. (I47H - <|49[) that the decay dynamics of 
the atom is determined completely by the form factor . 

We also note that, besides the survival amplitude, the decay amplitude to a photon of a specific mode 
k can be obtained using the dressed atomic Green function as 

i r s ^+1°) = / dk'gt,A(u)P(u>, k\ k) = (50) 

lj - Hs + iS J lu - e k +id 

The Feynman diagram corresponding to this amplitude is drawn in Fig.|^b). 
2.6 Decay dynamics under the Lorentzian form factor 

The Green function method is applicable to any forms of e k and g k . In this section, we practically use 
the Green function method to calculate the survival probability of an unstable state. Here, we discuss 
the case where the form factor is given by a single Lorentzian as follows; 

W 2 " l i,-^f + ^ - <51 > 

Here, and A denote the central energy and the spectral width of the form factor, respectively, and 
j/2ir — <7 Mo | 2 characterizes the magnitude of the form factor (see Fig.0J). 

Such a Lorentzian form factor is realized, for example, by an atom placed in a leaky optical cavity, as 
has been shown in Sec. 12.3.41 Although the form factors of general unstable systems are not necessarily 
approximated by Lorentzian, it is expected that qualitative features of quantum dynamics are inferable 
by considering the case of a Lorentzian form factor, as long as the form factor is single-peaked. For 
example, the decay dynamics in a free space, whose form factor is schematically shown in Fig. [ffi a). 
would be qualitatively reproducible by the Lorentzian form factor if we take f7 <gc /j,q ■ 
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2.6.1 Exact formulas 

In the case of the Lorentzian form factor, we can exactly calculate the self-energy S(oj), the dressed Green 
function A(lo), and the survival amplitude f(t) = (i| exp(— iHt)\i) as follows: 

E(w) = 7A — , (52) 

7 f \ iv~ ii + iA 

A[UJ) ~ ( w -n)(o;- M o + iA)-7A/2' (M) 

/(i) = — exp(-iAit) + — exp(-iA 2 i). (54) 

Al — A2 A2 — Ai 

Here, Ai and A2 are the poles of the dressed Green function A(cu), and satisfy 

(u> - - ^0 + iA) - 7A/2 = (w - A x )(w - A 2 ). (55) 

Both of them lie in the lower half plane as shown in Fig. [5J and we choose them to satisfy |7m(Ai)| < 
Zttz( A2 ) I • The survival probability s(t) is exactly given by 

s(t) = \f(t)\ 2 ' 



Ai - ^0 + iA , . W x , A 2 - fip + iA . 

exp(-iAir) H exp(-iA2r) 



(56) 



Ai — A2 A2 — Ai 

On the other hand, the Fermi golden rule, Eq. (|16[) . yields the approximate decay rate as 

r FGR , = 7 A2 + ( ^_ Mo) 2 - (57) 

We will compare Tfgr with the rigorous result Eq. (|56[1 in the latter part of Sec. 12.61 (Fig. I7|). 
2.6.2 Symmetric case 

When the form factor is symmetric about the atomic transition energy, i.e., /io = ^, the above equations 
are particularly simplified; 



Ai. = n-iA ^*™* , ^ 



/(*) = 1 + exp ( -iA 1 t) - 1 ~ exp(-iA 2 t). (59) 

2^1 - 2 7 /A PV 2v/l - 2 7 /A 
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Q, Im X =0 




6 

Figure 5: Solutions Ai and A2 of Eq. I|55|) are plotted in the complex A-plane. Dotted curves show the 
trajectories when 7 is changed, and arrows indicate the directions into which A's move as 7 is increased. 




Figure 6: Temporal evolution of the survival probability s(t), for /io — ft = 0. A = O.27 in (a), and 
A = IO7 in (b). The solid lines are drawn by the exact formula, Eq. (JS5J. The thin dotted lines are the 
results of perturbation: combining Eqs. lH^l) and (|5TJ> . the survival probability is approximately given by 
s(t) ~ 1 - jA 2 \fi - n + iA|- 2 i - 7 ARe[(l - e^^+^X/io - A + iA)~ 2 ]. 
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The temporal evolution of the survival probability s(t) is plotted in Fig. EI f° r small and large A. 

First, we discuss a case of small A (satisfying A < 27), in which Jm(Ai) = Im(\2) and i?e(Ai) ^ 
Re{\2)- In this case, s(t) shows a damped Rabi oscillation, as shown in Fig. |^a), which implies that 
the emitted photon may be reabsorbed by the decayed atom. This phenomenon, called the collapse and 
revival, has actually been observed in an atom in a high-Q cavity (441 1451 Bp] . In the limit of A — > (and 
simultaneously 7 — » 00, keeping J d^g^ 2 = 7A/2 at a finite value), the Rabi oscillation continues forever 
without damping. Obviously we cannot define the decay rate in the presence of the Rabi oscillation. 

Next, we discuss a case of large A. In this case, s(t) decreases monotonously as shown in Fig. EJb). 
The radiative decay of an atom in free space belongs to this case. In order to clarify the meanings of the 
parameters A and 7, we focus on a case of A 3> 7 in the following. Then, Ai and A2 are approximated 

by 

Ai ~ n-i7/2, (60) 
A 2 ~ Q-iA. (61) 

At the beginning of the decay, one can easily confirm, by expanding Eq. 1(59(1 in powers of t, that s(t) 
decreases quadratically as 

s(t) = 1 - 7 A< 2 /2 + 0(< 4 ). (62) 

Noticing that ((AHs) 2 ) = 7A/2 in our example, Eq. 1(62(1 is in accordance with Eq. (|llf) . On the other 
hand, in the later stage of the decay (t > A -1 ), the second term of Eq. 1)59(1 becomes negligible and s(t) 
follows the exponential decay law as 

s(t) ~ Zcxp(-r(oo)i), (63) 



where 



2 

Ai - Mo + iA 



Z = ^T^", , (64) 
r(oo) = -2Jm(Ai). (65) 

The decay rate in the later stage of decay (t > A -1 ) is rigorously given by Eq. (|65|l . We confirm that 
the rigorous rate F(oo) agrees to the lowest order of 7/A with the golden-rule decay rate TfgR) which is 
given by Eq. 1(57(1 . Thus, Tfgr serves as a good approximation of r(oo), as long as A > 7. 

In concluding this subsection, we summarize the results for the case of A 3> 7, which is satisfied in 
most unstable states of interest. At the beginning of decay s(t) decreases quadratically obeying Eq. 1(62(1 . 
and later follows the exponential decay law, Eq. I(63|) . The transition between these two behaviors occurs 
at 

t~A _1 =tj, (66) 

which is called the jump time 3 The decay rate r(oo) in the later stage is approximated well by the 
golden-rule decay rate Ffgr- 



2.6.3 Asymmetric case 

Now we discuss the asymmetric case, where /iq is not necessarily equal to O. The crossover between the 
damped Rabi oscillation and the monotonous decrease, which was observed in Fig. El is also observed in 
this case. Here we focus on the latter situation assuming A > 7, which is usually satisfied in most of 
monotonically decaying systems. 

3 Notc that definition of the jump time is slightly different from the original one: In Ref. 0, the jump time is defined as 
tj = T(od)/((AH s ) 2 ), which is reduced here to tj ~ 2A/[A 2 + (fi - Mo) 2 ]- 
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Figure 7: Temporal evolution of (a) T con (t) and (b) T(t). We take A = 2O7 (ij = O.O57" 1 ), and 
— 0| = 0, A,2A. The corresponding golden-rule decay rates, Tpon, = 2n\gn\ 2 , are 7, O.57, and O.27, 
respectively. 
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Throughout this article, much attentions are paid to the decay rate of an unstable quantum state. 
The decay rate at time t is conventionally defined by 

r con (t) = -(^\/s = -j t \ns(t). (67) 

In Fig. Ufa), r con (i) is plotted for three different values of \no — However, in the discussion of the 
Zeno effect, the following quantity is more significant: 

T(t) = Ai. (68) 

In Sec. 13.31 it will be revealed that T(t{) gives the decay rate under repeated instantaneous ideal mea- 
surements with intervals Tj. T(t) is plotted in Fig. W[b). Comparing Figs. Ufa) and (b), we find that the 
discrepancy between r con (i) and T(t) is significant in the early time stage, t < ty, in particular, at the 
beginning of decay, r con (£) = 2T(t). However, the discrepancy becomes less significant as time evolves. 

Focusing on T(t), the following features are observed in common in three lines in Fig. Efb): Initially 
(i <C tj), s(t) is given by Eq. i|62[l regardless of — H\. Therefore, T(t) is approximately given by a 
linear function of t, T(t) = jAt. Sufficiently after the jump time (t 3> tj), T(t) approaches a constant 
value, r(oo), which is given by Eq. I|65|l. As is observed in Fig. r(oo) is in good agreement with the 
golden-rule decay rate, TpcR- 

On the other hand, there is a remarkable qualitative difference in the intermediate time region, t ~ tj. 
For the case of \/iq — fi| = 0, T(t) is a monotonously increasing function of t and T(t) < r(oo) for any t. 
Contrarily, for the case of |/xo — 0| = 2A, T(t) is not a monotonic function and there exists a time region 
in which T(t) > r(oo). This difference is crucial in determining whether repeated measurements result 
in suppression of decay (QZE) or enhancement of decay (AZE), as will be discussed in Section HOI 



3 Conventional theories of quantum Zeno and anti-Zeno effects 

In this section, we summarize the main results of conventional theories of the quantum Zeno and anti- 
Zeno effects, where it is assumed that instantaneous and ideal measurements to check the decay of the 
unstable state are repeated frequently. 



3.1 Ideal measurement on the target system 

In the previous section, we have reviewed the free unitary time evolution of an unstable quantum state, 
where the system is not being measured. When one performs a measurement, on the other hand, the 
measurement accompanies considerable backaction on the measured system, according to quantum theory. 
If the measurement is an ideal one, its influence on the quantum state of the measured system is described 
as follows. Let us consider a situation in which one measures a physical quantity Q of the system, whose 
operator Q is assumed to have discrete eigenvalues. The projection operator onto the subspace belonging 
to the eigenvalue q of Q is denoted by V(q), and the state vector before the measurement is denoted by 
\ip). Then, the probability of obtaining q as a measured value is given by 

P{ q ) = \\V{qm\\ 2 = {MnqM), (69) 
and the state vector just after the measurement is given by 

\%) = —L=v{ q m, (to) 

which is called the projection postulate of measurement 0. 
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Now we apply this prescription to a situation in which an observer makes a measurement on the atom 
to check whether the atom has decayed or not. In this case, the physical quantity to be measured is the 
number of excitations in the atom, o+a-. The eigenvalues of the operator er + <7_ are 1 and 0, and the 
corresponding projection operators are given by 

V(l) = |x)(x|=a + |0)(0|a_, (71) 
P(0) = Jdk\g,k)(g,k\= [dkbl\0)(0\b k . (72) 

If the state vector at t = is given by |i) = |x) = <t+|0), the state vector at time t is given by Eq. ©. 
The probability of observing the survival of the atom is given, using Eqs. I|tj9|) and 171fl . by 

P(l) = |/(<)| 2 = ,s(t), (73) 

and the state vector just after this observation is given, using Eqs. lf7U|) . lj7T)> . and l(75|) . by 

hM=a+|0) = |i), (74) 

neglecting an irrelevant phase factor f(t)/\f(i)\. Thus, when the survival of the atom is confirmed, the 
state vector is reset to the initial one (the product of the atomic excited state and the photon vacuum) 
as a backaction of the measurement. 



3.2 Decay rate under repeated measurements 

In the preceding subsection, we have summarized the influence of a single ideal measurement on the 
atomic state. We now investigate, using the projection postulate, how the decay dynamics is affected by 
repeated measurements to check the decay of the atom, assuming that each measurement is instantaneous 
and ideal. 

Suppose that instantaneous ideal measurements are performed periodically at t — ji\ (j — 1, 2, • • ■ ), 
where r; is the intervals between measurements. We hereafter denote the survival probability just after 
the n-th measurement by S(t = nri). This probability is identical to the probability of confirming survival 
of the atom in all measurements (j = 1, 2, • ■ • , n), because, once the atom has decayed and emitted a 
photon, the revival probability is negligibly small in monotonically decaying systems. Noticing that (i) if 
the atom is in the excited state at t = 0, the survival probability at t = rj is given by s(ti), and that (ii) 
the state is reset to the atomic excited state after every confirmation of survival, we obtain S(t = rvn) 
simply as 

S(t = nrO = [s(T i )r = [s(TO} t ^. (75) 

Therefore, the decay rate T under such repeated measurements is given, as a function of the measurement 
intervals i\, by 

r(r i ) = -rr 1 ln S (T i ). (76) 

This equation clearly demonstrates that the decay rate depends not only on the original unitary dynamics 
of the system [which determines s(t)] but also on the measurement intervals ti. 

Throughout this article, our main concern is focused on the case of short t\. As we have observed 
in Sec. 12.41 the initial behavior of the survival probability sit) can be well evaluated by Eq. (|42|l . Using 
Eq. (|4"2l . Eq. (|76l) is recast into the following form [S*T]: 

T(Ti) = J cfcl 2 x /cM, (77) 

2 |>i(/i - fi)" 



/c(m) = r i sinc 



(78) 
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Figure 8: Calculation of the decay rate r(r;) under repeated measurement. T(tC) is given by integrating 
the form factor |g M | 2 with a weight function / c (/i). 



Namely, the decay rate under repeated instantaneous ideal measurements is given by integrating the 
form factor |g^| 2 with a weight function f c (fJ-), as illustrated in Fig. El The weight function / c (/x) has the 
following properties: (i) f c (p) is a positive function centered at the atomic transition energy f2 with a 
spectral width ~ , and (ii) f c (n) is normalized as J d/i/ c (/i) = 2n. 

As a reference, we first consider a situation where the unstable state is not measured, namely, Tj — » oo. 
In this limit, the weight function is reduced to a delta function as / c (m) — * 2?r5(/Lt — ft), so T — > 27r|(7o| 2 - 
This is nothing but the Fermi golden rule for an unobserved system, Eq. . 

Generally, r(rj) depends on the measurement intervals Tj through the width of the weight function 
fc(p)- However, there exists a notable exception: a system whose form factor is a constant function as 
\g^\ 2 = 7/2-7T. It is known that such a system follows an exact exponential decay law, s(t) — e~ 7 *, as 
can be seen by taking the A — > oo limit of the results of Sec. 12.61 For such a system, the measurement- 
modified decay rate, Eq. (|77Jl . is always reduced to the free decay rate 7, irrespective of r;. Thus, we 
are led to a well-known conclusion that the decay rate of exactly exponentially decaying systems are not 
affected by repeated measurements at all. Note, however, that we have assumed that each measurement 
is instantaneous and ideal. For general measurements, the above conclusion is not necessarily true, as 
will be shown in Sec. 

3.3 Quantum Zeno effect 

In the preceding subsection, it is observed that the decay rate T is generally modified by repeated mea- 
surements, and r is dependent on the measurement intervals Tj. A particularly interesting phenomenon 
is expected when t\ is extremely short: For very small t, the behavior of s(t) is described by the quadratic 
decay law, Eq. Combining Eqs. and (|76[) . the decay rate under very frequent measurements is 

given by 

r(rO = ((AH s ) 2 )n, (79) 

which states that the decay rate is proportional to the measurement intervals Tj. 4 Thus, as one measures 
the system more frequently (i.e., as r; is made shorter), the decay of the system is more suppressed. In 
the limit of infinitely frequent measurements (t; — > 0), the decay of the system is perfectly inhibited. This 
phenomenon is called the quantum Zeno effect [5] (or several other names EZHHHini), which is hereafter 
abbreviated as the QZE. 

4 Eq. 1791 can also be obtained by Eqs. 1771 and 1781 : When r; is very short [t^ 1 2> (spectral width of |(?(j| 2 )], /c(a') — Tj 
and r(r;) ~ n X / d^g^ = 75 {(AH S ) 2 ). 
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Figure 9: The decay rate r(n), normalized by the free decay rate r(oo), under repeated instantaneous 
ideal measurements with intervals r;, for the case of the Lorentzian form factor, Eq. (|51|l . The parameters 
are chosen as follows: A = 2O7 (which gives tj ~ 0.057 -1 ) and \Cl — /j,q\ = 0, A,2A. In the case of 
|fi — [1q\ = 2 A and 71 ~ tj, it is observed that the decay is accelerated from the unobserved case (the 
anti-Zeno effect). The decay rate is maximized when 75 ~ O.O667 -1 . 



Note that the above argument does not invoke any system-dependent features. Thus, the QZE is a 
universal phenomenon, which is expected in general quantum systems if instantaneous ideal measurements 
are possible for the unstable states of interest. 

3.4 Quantum anti-Zeno effect 

In the preceding subsection, the QZE is derived by combining the initial quadratic decrease, Eq. 
and the measurement-modified decay rate, Eq. Ij76|l . However, Eq. holds only for extremely small 
t, and hence Eq. (|79J) is not applicable for longer measurement intervals n. In this subsection, we study 
the case of longer r;. For simplicity, we focus on an unstable state with the Lorentzian form factor, for 
which the rigorous form of s(t) is known for any t, as discussed in Sec. 12.61 

Combining Eqs. (|56|l and (|76() . we can obtain the decay rate for general values of Tj. Since the decay 
rate under repeated instantaneous ideal measurements is given by Eq. (|76|l . T(ri) has already been plotted 
in Fig.Efb), if one regards the horizontal axis as the measurement intervals t\ (in units of 7" 1 )- In order 
to emphasize the effect of measurements, we plot the normalized decay rate r(T;)/r(oo) in Fig.El where 
r(oo) is the free decay rate. The three curves correspond to three different values (0, A, and 2A) of the 
energy discrepancy between the atomic transition energy f2 and the central energy of the form factor 
1-J.q. It should be recalled that the jump time is related to the width of the form factor and is roughly 
evaluated as tj ~ A -1 . [Since a multiplicative factor of order unity is unimportant, we have defined tj as 
tj ee A" 1 in Eq. JMJl] 

The following points are observed in common: (i) When the measurement intervals r; is long (ti !3> tj), 
the decay rate is almost unaffected by measurement, i.e., T(t{) ~ r(oo). (ii) A large deviation from the 
unobserved decay rate is observed when r; is short enough to satisfy 

n<ty (80) 
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This condition is in accordance with our expectation, because s(t) significantly deviates from the ex- 
ponential law only for t < t y (iii) When t\ is extremely short (Tj <C tj), r(rj) is proportional to 17 in 
accordance with Eq. I|79|l . 

Qualitative difference is observed in the intermediate region, t\ ~ tj. In the case of O — /io = 0, r(ri) is 
always smaller than the free decay rate r(oo). The decay is more suppressed as the measurements become 
more frequent. Thus, in this case, the argument of Sec. l3.3l can be smoothly extended to a larger r; region 
without qualitative change. Contrarily, in the case of Q — (mq = 2A, r(-r;) is not a monotonous function 
of Tj, and r(Ti) may become larger than the free decay rate for Tj ~ t y Thus, the decay is accelerated by 
successive measurements. This opposite effect is called the quantum anti-Zeno effect [121 1131 15U1 1511 152| . 
which is hereafter abbreviated as the AZE, or the inverse-Zeno effect ^] 023 02]. The QZE and AZE 
are sometimes called simply the Zeno effect. 



3.5 QZE-AZE phase diagram 



It should be remarked that, whereas the QZE may be observed for any unstable quantum system if Tj is 
sufficiently small, the AZE does not necessarily takes place; a counterexample is the case of \Vt — /Uo | = 0, 
where decay is always suppressed for any t\ (see Fig.|U|. From this respect, quantum unstable states can 
be classified into the following two types: (a) The QZE is always observed for any value of Tj, and (b) 
the QZE is observed for t- x < t* , whereas the AZE is observed for Tj > t* , i.e., the QZE-AZE transition 
takes place at T{ = t*. 

By analyzing Eqs. (|56ll and J7HJ), a phase diagram discriminating the QZE and AZE is generated in 
Fig. E3 for the case of the Lorentzian form factor, Eq. 1)51(1 . as a function of |0 — Ho\ and t;. The phase 
boundary (solid line) is drawn by solving the following equation: 



r(r*) = r(oo). 



(81) 



If Eq. (|81|l has a solution in < r* < oo, the unstable system belongs to type (b). In case of the 
Lorentzian form factor, Fig. 1101 indicates that the system belongs to type (a) if |£1 — /j, I < A, and to type 
(b) if |fi — fj, \ > A. 

In order to judge whether Eq. I|81|l has a solution or not, it is useful to remember the fact that, s(t) 
generally follows the exponential decay law in the later stage of decay as s(t) ~ Z exp(— r(oo)i), where 
Z is a positive constant. For example, in the case of Lorentzian form factor, s(t) behaves as Eq. 1|63|) in 
the later stage of decay. Therefore, the asymptotic form of T(t) is given by T(t) = L(oo) — \nZ/t. We 
thus find that, as t — > oo, T(t) approaches to r(oo) from below when Z > 1, and from above when Z < 1. 
Combining this fact and the fact that T(t) — > as t — > 0, one is intuitively led to the following criterion: 
a system belongs to type (a) when Z > 1, and to type (b) when Z < 1 |14l I53j . 

Now we check the validity of this criterion for the case of Lorentzian form factor, as an example. In 
this case, Z is given by Eq. (|64(l . where Ai and A2 are given by Eq. (|55|l . When 7 is small, Ai and A2 are 
approximated as 



Ai : 
A 2 = 

Z is therefore approximately given by 



7A 



1 



Mo - iA 



2 n - [i + iA 
7A 1 



7A 
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2 Q - fi + iA 

(tt- Mo ) 2 -A 2 



I-7A- 



fi-// +iA| 



(82) 
(83) 

(84) 



Thus, the condition of type (a), i.e., Z > 1, is reduced to |fi — /io| < A. 
numerical results (see Fig. I10JI . which indicates the validity of the criterion. 



This is in agreement with 
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Figure 10: The phase diagram of the QZE and AZE under repeated instantaneous ideal measurements, 
for the case of the Lorentzian form factor [Eq. (|51Jl ]. The solid line divides the QZE region and the 
AZE region. The broken line shows the optimum measurement intervals t 17 at which the decay rate is 
maximized, for each value of |f2 — Although A = 4O7 in this Figure, the results are insensitive to the 
value of A. In fact, the thin dotted lines, for which A = 2O7, almost overlap the corresponding lines for 
A = 4O7. 



To summarize this subsection, there are two types of unstable systems. In type (a), only the QZE 
is induced by repeated measurements. The decay is more suppressed as the measurements become more 
frequent. In type (b), whereas the QZE is induced when the measurements are very frequent, the opposite 
effect - the AZE - takes place when the measurements are less frequent. The decay rate depends on r; 
in a non-monotonous way. The former (latter) type of systems satisfy Z > 1 (Z < 1), where Z is the 
prefactor of the exponential decay law in the later stage of decay. 

These conclusions have been drawn under the assumptions that each measurement is instantaneous 
and ideal. However, as we will discuss in Sec. 14.5.61 such measurements are unrealistic and in some 
sense unphysical. Therefore, we must explore the Zeno effect in realistic measurement processes. For 
this purpose, we should apply the quantum measurement theory, which is briefly summarized in the next 
section. 

4 Quantum measurement theory 

Since quantum systems exhibit probabilistic natures, one has to perform many runs of measurements 
in an experiment. In ordinary experiments, one resets the system before each run in order to prepare 
the same quantum state \ip) for all runs. Or, alternatively, one prepares many equivalent systems in the 
same state \ip), and performs the same measurement independently for each system. In either case, one 
does not need to know the post-measurement state \ip') (i.e., the state after the measurement) in order 
to predict or analyze the results of the experiment. 

However, one can perform another measurement (of either the same observable or a different observ- 
able) on \tp') before he resets the system. That is, one can perform two subsequent measurements in each 
run, one for the pre-measurement state \ip) and the other for the post-measurement state \ip'}. Or, alter- 
natively, if one prepares many equivalent systems in the same state \ip), he can perform the two subsequent 
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measurements for each system. In order to predict or analyze the results of such subsequent measure- 
ments, one needs to know \ip'}, i.e., the state after the first measurement. To calculate \ip'), one must use 
something like the so-called projection postulate (Sec. l4.lj) . By many studies in the last several decades, 
it has been revealed both theoretically and experimentally that a naive application of the projection postu- 
late gives wrong results that do not agree with experiments on subsequent measurements. To resolve this 
discrepancy, the quantum measurement theory has been developed [Tl I15I IT^l I17l I18l I19l I2UI l2"Tl I22I |2"3*) . 
which will be briefly explained in this section. Although Landau and Lifshitz |55| were pessimistic about 
the possibility of the calculations of the post-measurement states, it has been revealed that the calcu- 
lations are possible in many cases. Furthermore, most importantly, the results of the calculations have 
been confirmed by many experiments (mostly on quantum optics; see, e.g., Refs. |21| and |32p. This 
demonstrates the power of the quantum measurement theory. 

To explain all the points which may be questioned in studying the Zeno effect, we describe all the 
basic things of the quantum measurement theory in this section. As a result, this section provides for 
basic knowledge that are required to understand not only the Zeno effect but also many other topics of 
quantum measurements. Actually, the full powers of the quantum measurement theory are manifest in 
studying the other topics, such as those in Refs. |lf>l I17I IT%l I19I l2T)l I22I I23I I56I I57I I58I IfiTfl . whereas 
in studying the Zeno effect one can make great simplifications for the reasons explained in Sec. I4.7I if 
the underlying logic and approximations are taken for granted. Hence, if the reader is interested only 
in the Zeno effect and wish to read this section faster, we suggest the reader to read only Sees. I4.ll I4.2I 
I4.3.2I |4~3.3I I4.6I and I4.7I 5 When a question arises on the underlying logic upon reading later sections, 
the reader can go back to the rest of this section. 



4.1 Ideal measurement 

Consider measurement of an observable Q of a quantum system S. The observable Q can be either the 
position, momentum, spin, or any other observable. However, for simplicity, we assume throughout this 
section that the operator Q representing Q has discrete eigenvalues. The case of continuous eigenvalues 
can be described in a similar manner, which, however, requires some technical cares concerning the 
mathematical treatment of continuous eigenvalues. 

In an early stage of the development of quantum theory, measurement of Q is formulated simply 
as follows. The probability P^ cal (r) of getting a value r of the readout observable R of a measuring 
apparatus is given by 

P idcal (r) = i P ^ f ° r T = q ' an ei S envalue of <9, ^ 
otherwise, 



where 



P(q) = V(q)\lP) 2 (86) 



is the probability given by the Born rule. Here, V(q) denotes the projection operator onto the subspace 
belonging to the eigenvalue q of Q, and is the pre-measurement state, i.e., the state vector of S 
just before the measurement. When an eigenvalue q is obtained as readout r of this measurement, the 
post-measurement state lip 1 ^™ 1 ), i.e., the state vector of S just after the measurement, is given by 

|^ dcal ) = —L-VfrM), (87) 



5 The readers who are quite familiar with the quantum measurement theory can skip directly to Sec. 14.71 and then to 
Sec.El 
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where the prefactor l/y/P(q) is simply a normalization factor. In other words, the density operator of S 
just after the measurement is given by 



-ideal I / 11 
Pa = Wa 



P(qM)(ip\V{q). 



This postulate is often called the projection postulate after the work of von Neumann PP, although he 
considered not p 1 ^ 01 * 1 but the following mixture; 



-ideal 

rvN — 



^P(q)(f?* = y E't>(q)\il>)(il>\'P(q), 



(89) 



which we call the von Neumann mixture. Its physical meaning will be described in Sec. 14.3.31 

A measurement process satisfying Eqs. <|85ll and (|87|l is called an ideal measurement or a projective 
measurement 6 . The conventional theories of the Zeno effect in Sec. assumed that measurements are ideal 
(and instantaneous). However, real measurement processes do not satisfy Eqs. and (|5T|) strictly, and 
thus are called general measurements or imperfect measurements or non-ideal measurements. For example, 
a real measuring apparatus has a non-vanishing error, and thus Eqs. I|85|) and (|87(l are satisfied only 
approximately. In order to analyze such general measurements, one has to use the quantum measurement 
theory. 

4.2 Time evolution of the system and apparatus 

The starting point of the quantum measurement theory is the key observation that not only the system S 
to be observed but also the measuring apparatus A should obey the laws of quantum theory. Therefore, 
one must analyze the time evolution of the joint quantum system S+A using the laws of quantum theory, 
as schematically shown in Figs. El and El P El D3 113 IIS EDI Ell ESI E3E21- In this case, A is sometimes 
called a probe quantum system. 




Figure 11: A schematic diagram of a general measurement of an observable Q of a quantum system S 
using a measuring apparatus A, whose readout observable is R. 

If S and A can be described by the Hilbert spaces Hs and Ha, respectively, then the joint system 
S+A can be described by the product space Hs + a = Hs <S> Ha- If the Hamiltonians of S and A are Hs 
(which operates on Hs) and Ha (on Ha), respectively, the Hamiltonian of S+A is given by 

H s+A = H s ®i + l®H A + H inU (90) 

which is simply written as -ffs+A = + H A + -Hint- 

6 It is sometimes called a first-kind measurement. However, this term is also used for a general measurement in which 
the post-measurement state is in the subspace that is spanned by the eigenvectors belonging to eigenvalues which are close 
to the readout r. If [Q, Hs] = 0, in particular, a first-kind measurement in this sense is called a quantum non- demolition 
measurement 19 58 59 . A measurement which is not of the first kind is said to be of the second kind. In this article, 
however, we do not use these terms in order to avoid possible confusions. 
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t = : 


h5(0)) = \iI>)\iI>a) ■ pre-measurement state 




| Interaction between S and A 


t = r : 


|*(t)> 




| Free evolution of S and A without interaction 


t = i J : 


|¥(t0) 




J. Ideal measurement of R by another apparatus A' 




\^f r (r')) : post-measurement state corresponding to the readout r 



Figure 12: The time evolution of the joint quantum system which is shown in Fig. 1111 The unitary 
evolution during < t < t, by which correlations between the observable Q and the readout observable 
R is established, is called the unitary part of the measurement. See the text for details. 

Assuming that any correlations are erased during the preparation processes of the measurement, we 
can take the pre-measurement state (i.e., the state just before the measurement at t = 0) of S+A as a 
simple product state, 

|*(0)> = MIVa) (eH s+A ), (91) 

where \ip) (e Hg) and |i/a) (s Ha) denote the pre-measurement states of S and A, respectively. Here, 
we assume for simplicity that the pre-measurement states are pure states. The generalization to a mixed 
state is straightforward, and one will then find that the main conclusions and ideas that will be explained 
in the following are not changed at all. 

Let \q, 2)'s (G Hg) be orthonormalized eigenvectors of Q, the operator representing the observable Q 
to be measured. Here, q is an eigenvalue of Q and I denotes a set of quantum numbers labeling degenerate 
eigenvectors. Since \q, i)'s form a complete set of Hg, we can expand the pre-measurement state of S as 

M = X>(9,0M- (92) 

The readout is an observable of A, because it will be observed by another apparatus or an observer (see 
Sec. 14.31 for details). It is denoted by R, and the operator (on Ha) representing it by R. Let |r, m)'s 
(G Ha) be orthonormalized eigenvectors of R, where r is an eigenvalue of R and m denotes a set of 
quantum numbers labeling degenerate eigenvectors. We can expand the pre-measurement state of A as 

\ipA) = } j -ipA(rn)\ra,m), (93) 

m 

where ro is the pre-measurement value of the readout. Note that every operator of S commutes with 
every operator of A. For example, [Q,R] = [Q,H\] = [H$,R] = [Hs,Ha] = 0, which will be used in the 
following calculations. 

If S+A can be regarded as an isolated system in the time interval < t < r during which the 



2G 



interaction between S and A takes place, its state vector evolves into 



|*(t)> 



-•fs+AT 



]T]>>(g,0^A(™)e-^ s + AT |9,0h,m). 

q,l m 



Let us express the factor in the last line as the superposition of |</, l')\r', m')'s as 



e- i » s +^\q,l}\r ,m) = J2Y, 



q' ,1' ,r' ,m' | m < 
l q,l,m 



q',l'}\r',m'), 



(94) 
(95) 



(96) 



q' } V r' ,m' 



where the coefficient 



q ,L ,r ,m 
^q.l,m 



is a function of Hq,+a, t and ro, all of which can be tuned by tuning the 



experimental setup. 7 Then, Eq. (|95|1 can be expressed as 



l*(r)}=X! 

8.i 



m.r' ,m 



(97) 



As we will show shortly, the results for a general measurement reduce to those for an ideal one if u q q ' m 
takes the following form; 8 

In this case, Eq. (|97|l reduces to 



q ,1 ,r ,m ni m 

L q,l,m 



ur q,m&q',<l&V,tfr',q- 



(99) 



l*(r)> = £ 



1>(q,l)\q,l) 



i/j A (m)u™ m \q,m 



(100) 



which clearly shows that S and A get entangled 9 , by the interaction Hi nt in Hs+a, in such a way that 
Q and R are strongly correlated. This is the main part of the measurement process, which we call the 
unitary part, because it is described as a unitary evolution due to the Schrodinger equation. Since Q 
and R are correlated, one can get information about Q by measuring R, as shown below. For general 
measurements, the correlation between Q and R may be weaker than that in Eq. H100JI . However, non- 
vanishing correlation should be established in order to get non- vanishing information. Since non- vanishing 
information should be obtained by any measurement (see Sec. 14. _ffi nt should be such an interaction 
that creates non-vanishing correlation between Q and R. 

For t > t, for which the interaction is over (or ineffective 10 ), the state vector further evolves as 



|*(<)) = e-^s+HAXt-r)^^ 



(101) 



until the readout R is measured by another apparatus or an observer A' at t = r' (> r). If this 
measurement of R at t = r' can be regarded as an instantaneous ideal measurement of R (not of Q), 



7 Note that one can tune not only _&s+A and r but also ro. The significance of this fact is discussed in Refs. 1191 1201 . 
8 A more general form of Eq. 1991 is 



q ,l' ,r' ,m ; m' 



q,m&q' ,q$V ,l&r' ,J(q)- 



(98) 



where / is an invertible function of q. By relabeling r appropriately, we can reduce this to Eq. 1991 . 

9 That is, this state is not generally a simple product of two vectors, one is in Hs and the other is in Ha- 
10 For example, when the wavefunction of S takes a wavepacket form the interaction becomes ineffective after the 
wavepacket passes through the apparatus. 
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then the probability P R {r) of getting a readout r (which is an eigenvalue of R) is given by 

P R (r) = |pR(r)|*(r'))| 2 (102) 

^fl(r)e- l( ^ s+ ^ A)(T '- T) |*(r)) (103) 

Here, P R (r) denotes the projection operator onto the subspace belonging to the eigenvalue r of 1 ® R; 

V R (r) = i®^2\r,m)(r,m\. (104) 

m 

When an eigenvalue r is thus obtained as the readout, the post-measurement state |^ / r (r')) of S+A is 
given by 

|* r (r')> = -jl=V R (r)Mr')) (105) 

■p R {r)e- l{ - ks+kA ^ T '-^\^(T)). (106) 



If we denote the trace operation over Ha by Tta, the post-measurement state of S is represented by the 
reduced density operator, 

p r (r')=Tr A (|^(r'))(* r (r')|), (107) 
because the expectation value (X) r of any observable X of S is given by 

(X) r = (* r (/)\X\* r (T')) = Tr[p r (T')X}. (108) 

Since the entanglement of S and A is not generally dissolved in |4 , r (r')), /0 r (r') generally becomes a mixed 
state. 

Equations (|102(1 and (|1C)7|1 for a general measurement of Q should be compared with Eqs. (|85[) and 
(|88f) for an ideal measurement. The general equations reduce to the ideal ones if Eq. is satisfied. In 
fact, we have in this case 

Pii(r)|*(r)) = { \ Yl^ q,l ^ q,l ^j ^AMu™ m |g,TO')j for r = q, an eigenvalue of Q, 

otherwise. 

Since we can take r' = r as will be discussed in Sec. I4.3.T1 and noting that J^i VK'iS 0k) — ^ > ( < /)l' ( / ; ): we 
find that Eqs. I|102l) and (|107|l reduce in this case to Eqs. (|85() and (|88|l . respectively. Therefore, in order 
to realize an ideal measurement, one must construct an experimental setup by which Eq. H99J) is satisfied. 
Implications of this condition will be discussed in subsection 14. 5. 61 

4.3 von Neumann chain 

In the above argument, the observable Q of the quantum system S is measured by the apparatus A, and 
the readout observable R of A is measured by another apparatus or an observer A' pQ. Such a sequence, 
as shown in Fig. 1131 is sometimes called the von Neumann chain. We here describe its basic notions. 
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A'- 
R' 



A" 
R" 



Figure 13: The von Neumann chain. To measure an observable Q of a quantum system S, an apparatus 
A is coupled to S and the information on Q is transferred to an observable R of A. To measure R, another 
apparatus A' is coupled to A and the information on R is transferred to an observable R' of A', and 
so on. The vertical dotted lines indicate possible locations of the Heisenberg cut (see Sec. I4.3."2"ll . inside 
which the laws of quantum theory are applied whereas the outside is just taken as a device for measuring 
R (or R' , or R" , • ■ • , depending on the location of the Heisenberg cut). 



4.3.1 When measurement is completed? 

The measurement process described above is completed at t = r'. We now show, however, that one can 
also say that the measurement is completed at t — r. 

To show this, let us calculate the state after r'. For t > r', S and A evolve freely, hence the state 
vector of S+A at t (> r') is given by 



|tf r (t)) = e-' i ^ S+i?A ^*- T ')|* r (T')) 



1 



i(Hs+HA)(t-T')f,r r \ e -i(Hs+HA)(T'-T)i^, T \\ 



For the apparatus A to work well, the readout R should be stable for t > r. That is, 

Pn( r ) = independent of r', 
to a good approximation. This is satisfied if 

[R, Ha] = 0, 

because this implies [Pii(r),H&\ = 0, and Eq. (|1U3[) then reduces to 



Pr(t) 



,-i(H s +H A )(T'-T) 



P fl (r)|*(r)) 



= independent of r'. 



(110) 
(111) 

(112) 
(113) 

(114) 



Although Eq. (|113fl is not a necessary condition but a sufficient condition for Eq. (|112fl . n we henceforth 
assume Eq. ()113t for simplicity. 12 Then, Eq. (|1 1 1|> reduces to 



l*r(*)> = 



o -i(H s +H A ){t-T) 



(116) 



^Condition 11131 implies Eq. 11141 for every vector ^(r)} in Hs+a- However, it is sufficient for Eq. 11121 that Eq. 11141 
is satisfied only for |\P(t)) given by Eq. 1951 . 

12 ft is worth mentioning that Eq. 11131 is a natural assumption if R and H\ are macroscopic variables, because then 
they must be additive obscrvables 1631 1641 and the volume Va of A is quite large, and thus Eq. 11131 is always satisfied to 
a good approximation in the sense that 1041 



_R_ Ha 

V A ' V A 



O 



(115) 
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which is independent of r 1 . Therefore, 



p r (t)=Tr A (\y r (t))(y r (t)\) (117) 

is also independent of r' . We thus find that the state of S+A, as well as the state of S, for t > t' (i.e., 
after the measurement is completed) are independent of r', the instance at which R is read by another 
apparatus or an observer. 

Because of this reasonable property, one can take r' as an arbitrary time after r. In particular, we 
can take r' = t, from which we can say that the measurement is completed at t = r. 

4.3.2 Where is the Heisenberg cut? 

In the above argument, apparatus A has been treated as a quantum system that evolves according to the 
Schrodinger equation. On the other hand, another apparatus or an observer A' which measures R of A 
has been treated as a device that performs the measurement of R. This means that we have assumed in 
the von Neumann chain a hypothetical boundary between A and A', inside which the laws of quantum 
theory are applied, whereas the outside is just taken as such a device. Such a boundary is called the 
Heisenberg cut. Since this boundary is hypothetical and artificial, it must be able to be moved to a large 
extent freely, without causing any observable effects, for quantum theory to be consistent, von Neumann 
called this property the psychophysical parallelism pQ. He showed that quantum theory indeed has this 
property in the following sense. 13 

Suppose that the Heisenberg cut is moved to the boundary between A' and A" of Fig. ^3 and 
that both the measurement of R by A' (at t = r' > r) and that of R 1 by A" (at t — r" > r') are 
ideal (and instantaneous, for simplicity). By calculating the time evolution of the enlarged joint system 
S+A+A' in a manner similar to the calculations of Sees. 14.21 and l4.3.n one can calculate the probability 
distribution P' R ,(r') of the readout r' as well as the reduced density operator p' r , (t) of S for t> t". From 
such calculations, one can show that P' RI (r') and p' r ,(t) coincide with Pji(r) and p r (t), which have been 
obtained above as Eqs. (|102[1 and (|107|l . respectively. That is, 



p r i{t) — p r (t) for every pair of r' and r such that r' = r. (H9) 

This shows that the Heisenberg cut can be located either between A and A' or between A' and A", 
without causing any observable effects. In contrast, the Heisenberg cut cannot be moved to the boundary 
between S and A for general measurements, because it would then give Eqs. I|85() and (|88(l . which do not 
agree with the correct equations ()102JI and (|107ll . 

Therefore, we conclude that the Heisenberg cut can be located at any place at which the interaction 
process can be regarded as the unitary part (in the terminology of Sec. 14.2(1 of an ideal measurement. 

4.3.3 Average over all possible values of the readout 

Suppose that the Heisenberg cut is located between A and A'. The post-measurement state corresponding 
to each readout r is given by 

p r (r)=Tr A (|* r (T))(* r (r)|) ) (120) 

where we have taken r' = r as discussed in Sec. 14. 3.11 The expectation value (X) r of an observable X of 
S is calculated, for each readout r, as 

(X) r = Tv[p r (T)X}. (121) 

13 Although he showed this for the von Neumann mixture /3 v im, we here show it more generally for p r . 
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In some cases, the mixture of /5 r (r)'s over all possible values of r, 

p vN (r)=^P fl (r)p r (r), (122) 

r 

is also used as the post-measurement state. As in the case of an ideal measurement fSec. I4.ll) . we call it 
the von Neumann mixture. This density operator is useful when one discusses average properties of the 
post-measurement states. That is, when one is interested in the average (X) v n of {X) r over all possible 
values of r, it can be calculated as 

(X) vN = ^P R (r)(X) r =^PR(r)Tr[p r (r)X] = Tr[p vn (r)X]. (123) 

r r 

In this case, /3 v n(t) is equivalent to the set of {-Pr(t-), p r (r)}. Notice, however, that /3 v n(t) has less 
information in more general cases, such as the case where one is interested in properties of the post- 
measurement state corresponding to each value of r. In fact, the decomposition of p~ v n(t) into the form 
of the right-hand side of Eq. Ijl22|l is not unique, and hence one cannot get the set of {Pft(r), p r (r)} 
uniquely from /6 v n(t). 

Equation l|123|) can be simplified if we note that [X, Pn(r)^ = for all r (because X is an observable 
of S whereas R is an observables of A). Using this and VR(r)Vfi(r) = Vr{t) and ^2 r VR(r) = 1, we can 
rewrite Eq. I|123|) as 

(A) vN = ^2(^(r)\V R {r)Xp R {r)\^(r)) = ^(*(r)|^(r)l|*(r)) = <*(t)|X|*(t)>. (124) 

r r 

This shows that one can calculate (A) v n from |^(r)), which is the final state of the unitary part (in the 
terminology of Sec. I4.2f> . Therefore, when one is interested only in (A) v n, it is sufficient to calculate the 
unitary part of the measurement process, and one can forget about the ideal measurement of R by A', 
for which we have used the projection postulate. Note, however, that this is not generally the case for 
repeated measurements, as will be discussed in Sec. 14.6.31 

4.4 Prescription for analyzing general measurements 

From discussions in Sees . 14 . 21 and 14.31 we can deduce the prescription for analyzing general measurements 
as follows: 

1. Write down the von Neumann chain S, Ai, A2, 

2. Find a place at which the interaction process can be regarded as the unitary part of an ideal 
measurement. Locate the Heisenberg cut there. Although two or more such places may be found, 
you can choose any of them. However, to simplify calculations, it is better to choose the one that 
is closest to S. 

3. If the Heisenberg cut thus located lies between A& and Afc+i, apply the laws of quantum theory to 
the joint system S+Ai + • • • A&, taking A^+i as a device that performs an ideal measurement of 
the readout observable Rfc of A& . If the interaction in the joint system is effective during the time 
interval < t < t, one can say that the measurement is performed during this interval. 

4. Evaluate the probability distribution of the readout r& of and the post-measurement state, in 
the same way as we have done in Sec. 14.21 

We can regard the subsystem Ai H A/, of the joint system S+Ai H — • A fc as system A of Sec. 14.21 

and Aj. +1 as A'. We can therefore apply the formulation of Sec. 14.21 to general cases. We will thus use 
the equations and notations of Sec. 14.21 in the following discussions. 
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4.5 Properties of general measurements 



4.5.1 Response time 

In an early stage of the development of quantum theory, it was sometimes argued that the measurement 
should be made instantaneously. Such a measurement is called an instantaneous measurement. However, 
as we will discuss in Sec. 14.5.61 any physical measurement takes a finite time. This finite time r has 
been defined in Sec. 14.21 as the time after which the interaction between S and A becomes ineffective. 
Therefore, if the Hamiltonian Hs+a and the pre-measurement state 1^(0)) are known, one can evaluate 
t by solving the Schrodinger equation. This r is usually called the response time of the apparatus. 1 

To be more precise, r should be called the lower limit of the response time, because practical response 
times of real experiments usually become longer for many practical reasons. In the model of Sec. [5] 
for example, r (which will be denoted by r r there) is the time required for generating an elementary 
excitation in the detector. Such a microscopic excitation should be magnified to obtain a macroscopic 
signal. Due to possible delays in the magnification and the signal transmission processes, the practical 
response time will become longer in real experiments. 

However, in discussing fundamental physics, the limiting value is more significant than practical 
values, 15 which depend strongly on detailed experimental conditions. For this reason, we simply call r 
the response time in this article. For the same reason, we shall drop in the following subsections the 
words 'lower limit of or 'upper limit of from the terms such as the lower limit of the measurement error, 
the upper limit of the range of measurement, the upper limit of the amount of information obtained by 
measurement, and the lower limit of the backaction of measurement. 

It is worth stressing that if one makes r shorter without increasing the strength of H lrA then the 
measurement error would be increased. Therefore, there is a tradeoff between (the reduction of) the 
response time and (that of) the measurement error. This and related tradeoffs, as well as their deep 
implications, were discussed in Ref. |2"U] , 



4.5.2 Measurement error 



For general measurements, the probability distribution Pr(t) of the readout of measuring apparatus is 
different from that for an ideal measurement, Pj^ cal (r). This means that a general measurement has a 
non- vanishing measurement error. 

For example, consider a special case where I?/ 1 ) is an eigenstate of Q; 



(125) 



where tp q (l)'s are arbitrary coefficients satisfying J2i IVq(0l = 1- I n this case, (r) — 5 rtq from Eqs 

and (jS^), whereas Pr{t) (for r' = r) is evaluated from Eqs. (jHSJ), 1® and CHH as 

|2 



Pr(t) 



\V R {r)e 



-iHs + AT 



(126) 



It is then clear that -Pfl(r) ^ Pr (r) in general, except when condition (|99|l is satisfied. 

14 See Sec. !4.6,131 for the response time of continuous measurements. 

15 For example, suppose that the measurement of the readout R by A' is performed not at t = r but at a later time 
t = t' > T. Then the total response time of the experiment becomes longer. However, we have shown in Sec. I4.3.1l that the 
value of t 1 is irrelevant. 
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Since the predictions of quantum theory are of probabilistic nature, the definition of the measurement 
error is not so trivial, as will be discussed shortly. In principle, however, the measurement error should 
be quantified by an appropriate measure of the difference between Pr{t) and P^ cal (r). For example, it 
may be quantified by the Kullback-Leider distance or relative entropy 65 ; 

pidcal/ \ 

D(P^\\P a ) = PR Ca \r) log ^r^p (127) 

One can also use D(Pr\\P^ 0&[ ), which is not equal to D(P^ clil \\Pfj) in general. Or, one can use other 
measures which are used in probability theory and/or information theory 65 . 

However, it is customary, and sometimes convenient, to quantify the measurement error in a different 
way using a few parameters. One of such parameters is the difference between the expectation values of 
the two probability distributions, 

<5r bias = (R) - <i?) idoal 

r r 

= (*(t)|£|*(t)> - {1>\QW). (128) 

When <5rbias — Oj the measurement is said to be unbiased. In certain cases, one can easily calibrate (i.e., 
relabel) r in such a way that the unbiased condition is satisfied. 

Another parameter used to quantify the measurement error is related to the standard deviation. 
When the pre-measurement state is an eigenstate of Q, \<p q ), the readout r of an ideal measurement 
always agrees with q, showing no fluctuation. Hence, its standard deviation 

(5r^ oal = [((Ai?) 2 ) 1 ^ 1 ] 1 / 2 = [ J2( r - (P) idoal ) 2 ^i? doa V)] V2 (129) 

r 

vanishes. On the other hand, for the same state \<p q ), the standard deviation of the readout of a general 
measurement 

Sr sd = [((Ai?) 2 )] 1 ^ = [J2(r-(R)fP R (r)] 1/2 (130) 

r 

is finite. Therefore, a set of Sr^s and <5r s d may be used to quantify the measurement error when the 
pre-measurement state is an eigenstate of Q. However, for a general pre-measurement state the 
readout fluctuates even for an ideal measurement, i.e., Sr' s ^ clil > 0. As a result, there exist various ways of 
quantifying the measurement error by (something like) the standard deviation. For example, many works 
on quantum nondemolition measurement |17l 1581 159| quantified it by a set of <5rbi as and the increase of 
the variance ESI EDI ESI E3E2], 

(6r sd ) 2 -(Srf d ^f. (131) 

Although this quantification is convenient for many applications, one of its disadvantages is that its 
vanishment (along with <Srbi as = 0) does not guarantee Pu(r) = P^ cal (r). Another important work [2"3"| 
quantified the measurement error by 

<*h|(£h(t)-Qh(0))Vh), (132) 



where Ru, Qn, |^h) are R, Q, \^) in the Heisenberg picture, respectively, i.e., I^h) = 1^(0)) and so on. 
Although this quantity has good mathematical properties, its physical meaning is not clear enough. For 
example, suppose that we are given two pieces of apparatus A and A ldcal which perform general and ideal 
measurements, respectively. By performing two experiments, one using A and the other using A ldeal , 
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we can measure all of 5rbi as , <5r s d, Sr 1 ^ 31 and Z?(P]^ cal ||Pfl), for any states. However, it is impossible to 
measure the quantity of Eq. (|132[1 using A and A ldcal for general states. 

In the following, we do not specify the detailed quantification of the measurement error 5q ery: except 
when it is needed 16 . However, we simply say that Sq cir = when Pr{t) — P]^ cal (r). 

4.5.3 Range of measurement 

Let us denote the eigenvalue spectrum of Q by Q, and the number of eigenvalues by \Q\. For example, 
when Q is the z component of the spin of a spin-S" system, Q = {—Sh, ■ ■ ■ ,(S—l)h, Sh} and \Q\ = 25 + 1. 

Consider the case where the pre- measurement state is an eigenstate \tp q ) of Q. Then, Sq clI can be 
taken as a set of frbias and <5r s d- Note that both <5rbi as and Sr s d are generally functions of q, i.e., Sq elT varies 
in Q. Let 5q* rr be the upper limit of the measurement error allowable for the purpose of the experiment. 
For example, if Q is a component of a spin and if one wants to distinguish different spin states, then 
5q* rl should be less than h/2, say 6q* TI — ft/4. In this case, 5q* IT is of the same order of magnitude as 
the minimum spacing Ag m ; n between the eigenvalues of Q. On the other hand, Sq* TI 3> Ag m i n in many 
optical experiments on condensed-matter physics using photodetectors, in which Q is the photon number 
and thus Ag min = 1. 

If 5q eir < Sq* TT in a region Q rang c in Q, we say that the range of the measurement (or of the measuring 
apparatus) is Q ra nge [191 120) . For an ideal measurement, 5q CII = everywhere in Q, and hence Q ra nge = Q- 
In this case, we say that the range of the measurement covers the whole spectrum of Q. This is not 
necessarily the case for general measurements. For example, a photon counter cannot count the photon 
number correctly if the number is too large. 

Although the importance of the range of the measurement has not been stressed in many theoretical 
works, it often plays crucial roles as stressed in Refs. |191 120j . and as will be explained in Sees. 14. 5l4l 15.41 
and 15. 61 

4.5.4 Information obtained by measurement 

We have seen that for general measurements the measurement error 5q Qrr may be nonzero and the range 
Qrange of the measurement may be narrower than the spectrum Q of the observable Q to be measured. 
This implies that the amount I of information that is obtained by the measurement is smaller for a 
general measurement than for an ideal measurement |191 1201 IS5] . 

To see this, consider again the case where the pre-measurement state is an eigenstate \tp q ) of Q, for 
which <5<7 crr is specified by <5rbi as and <5r s d- We assume that <5rbi as = for simplicity, so that Sq CII = 
5r s( \. Let J be the number of different eigenstates that can be distinguished from each other by this 
measurement. As will be illustrated shortly, J depends on Sq crr and Qrangc- We may define I by 

/ = log 2 J. (133) 

Although more elaborate definition of I would be possible, this simple definition will suffice the present 
discussion. 

For an ideal measurement, Sq orl — and J — |Q|. Therefore, I takes the maximum value, 

/ idcal = log 2 |Q|. (134) 

For a general measurement, however, / < / ldoal in general. For example, when 6q eTT is smaller than the 
minimum spacing Ag m i n between the eigenvalues of Q, we have J ~ | Qrange |, hence 

l0g 2 |Qrange| < I****. (135) 

16 If the reader feels uneasy about this, you can assume for example that Sq CTT of an apparatus is defined only for eigenstates 
of Q, and that 8q err is a set of <5rt,i a s and <5r s( j. 
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When 8q eII > A.q m i a , on the other hand, one cannot distinguish between \tp q ) and \<p q i) with certainty if 
\q — q'\ < Sq eYr . Therefore, J < Qrange and / becomes even smaller. 

It should be stressed that an interaction process between S and A can be called a measurement process 
only when I is large enough (at least I > l), 17 because measurement of Q is a process by which an observer 
gets information about Q. For example, as the temperature of A is increased I is generally decreased 
because of the thermal noise, until I ~ at a high temperature 18 . In such a case, the interaction process 
between S and A is not a measurement process because an observer cannot get any information about 
Q. Hence, it should be called a non-informative disturbance of S by A. Another, rather trivial, example 
of non-informative disturbances is the case where Hi nt is such an interaction that does not generate the 
correlation between Q and R. It is obvious that such an interaction is possible. 

The distinction between measurement and a non-informative disturbance is crucial when discussing 
many problems about measurement, such as the quantum nondemolition measurement |19l 120) and the 
reversible measurement |60| . For example, the state before the interaction with A can be physically 
recovered only for a non-informative disturbance 60 . In discussions of the Zeno effect, however, the 
distinction was sometimes disregarded in the literature. That is, there are two ways of defining the Zeno 
effect: one is as an effect of measurements, which may be called the Zeno effect in the narrow sense, 
while the other, which may be called the Zeno effect in the broad sense, is as an effect of any kinds of 
disturbances including non-informative disturbances. In the latter sense, it was concluded for example 
that the Zeno effect would become stronger as the temperature of A is increased |66|. Furthermore, 
the well-known shortening of lifetimes of quasi-particles with increasing the temperature of solids could 
be called the AZE. However, these are not the Zeno effect in the narrow sense because one cannot get 
information from a high-temperature apparatus. It should be noticed that universal conclusions, which 
are independent of details of models, can be drawn only for the Zeno effect in the narrow sense (see 
Sec. 1177)1. 

4.5.5 Backaction of measurement 

If the measurement were not made (i.e., if H- m t — 0), the state of S at t = r would be given by 

p free = e- i6sT \tp)(tp\e i6sT . (136) 

When defining the backaction, however, r in this expression is often taken in order to exclude the 
effect of the trivial change induced by Hs- We will not specify which is used for p lrc °, except when the 
specification is needed. 

If the measurement has been made, the post-measurement state corresponding to each readout r is 
given by Eq. 1120(1 . When quantifying the backaction, however, it is customary to take the von Neumann 
mixture /5 v n(t), Eq. (|122|l . as the post-measurement state. We call the difference between /5 v n(t) (or 
p r (r)) and p > the backaction of the measurement. Its magnitude should be quantified by a measure 
of the difference between the two density operators. For example, it may be quantified by the quantum 
relative entropy 6Sll69|: 

D(p hcc \\ PvN (r)) = Tr [p hcc (log 2 p hcc - log 2 p vN (r))] . (137) 

One can also use -D(/3 V N(T)||/5 free ), which is not equal to D(/5 free ||p V N(''")) in general. Or, one can use other 
measures which are used in quantum information theory |68l lr>3] . 

17 This is common to both quantum and classical physics. 

18 This may be seen simply as follows: Since R can change through the interaction with S, the change of R is not 
forbidden by a boundary condition which could be imposed on A. Then, according to the fluctuation-dissipation theorem 
Ib7l . -R fluctuates at a finite temperature T, and the magnitude of the fluctuation is proportional to T (apart from possible T 
dependence of the response function). Therefore, with increasing T, 5r a< j increases, and thus <5q er r increases, and consequently 
/ decreases, approaching zero at the high- temperature limit. 
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However, it is customary, and sometimes convenient, to quantify the backaction in the following way. 
If an ideal measurement of an observable X of S is performed for the post-measurement state /3 v n(t), its 
probability distribution will be 

Tr [pvN(r)£x(aO] = P f{ x ), ( 138 ) 

where Vx{%) denotes the projection operator onto the subspace belonging to an eigenvalue x of X. For 
p ircc , on the other hand, the probability distribution would be 



Tr 



p tiee V x (x) =PjT(z). (139) 



The backaction is sometimes quantified by the difference between P x (x) and P x ee (x) of properly chosen 
observables, such as Q and/or its canonical conjugate P. 19 In particular, the difference between Pq*{q) 
and Pq ee (q) is called the backaction on the measured observable, whereas the difference between Pp N (p) 
and Pp oe (p) may be called the backaction on the conjugate observable |17l 1581 155] . 

The difference between P x N (x) and P x cc (x) can be quantified, for example, by the relative entropies. 
However, they are sometimes quantified more simply by the differences between the averages, (X) v n and 
(X) hcc , and the variances, ((AAT) 2 ) vN and ((AX) 2 ) free , of P x N (x) and Pjf c (»; 

5(X) = (X) vN -(Xf cc , (140) 
S((AX) 2 ) ee ((Al) 2 ) vN -((Al) 2 ) free . (141) 

In this quantification, the backaction on the measured observable is represented by the set of 5{Q) 
and S((AQ) 2 ), whereas the backaction on the conjugate observable by the set of 6{P) and 5((AP) 2 ). 
Heisenberg used 5((AP) 2 ) in his famous gedanken experiment on the uncertainty principle. It may 
thus be tempting to think that the measurement error and the backaction would be related simply by 
Heisenberg's uncertainty relation. However, this is false, as we will explain in Sec. 14.8.11 

In the following, we do not specify the detailed quantification of the backaction except when it is 
needed. 



4.5.6 Instantaneous measurement and ideal measurement as limiting cases 

It is sometimes assumed that the response time r — > +0. In order to get a non-vanishing information /, 
however, such an instantaneous measurement is possible only in the limit of infinite coupling constant £ 
of Hi n t. In fact, if £ is finite we have 

lim |*(r)> = lim e- l " s + KT \xl))\xl) A ) = \ip)\ipA), (142) 

which clearly shows that one cannot get any information about S by measuring R of A. Since the coupling 
constant of any physical interaction is finite, an instantaneous measurement is, in its exact definition, an 
unphysical limit. It becomes physical only in the sense that r is shorter than any other relevant time 
scales. 

On the other hand, an ideal measurement can be regarded as the following limit of a general mea- 
surement; <5<7err — ► 0, and Qrange — ► Q, and I — > log 2 \ Q\, and the backaction — > -D(j5 frcc ||/5^ al ). These 
conditions are satisfied if Eq. (|99|l is satisfied for every q,l,m,q' ,V ,r' ,m! . Therefore, to realize an ideal 
measurement, one must construct an experimental setup whose Hs+a,t and r satisfy this condition. 
This is generally very hard and somewhat unrealistic, particularly when the size of A is small |7()l 161] . 

19 When Q is a position coordinate, for example, P is the conjugate momentum. 
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Moreover, a fundamental tradeoff among the measurement error, range, and backaction has been sug- 
gested for measurements of a certain classes of physical quantities, 20 such as the photon number |2(J| . 
Furthermore, it is sometimes assumed that r — > +0 for ideal measurements, although such a limit is un- 
physical as mentioned above. To avoid confusion, we call such an ideal measurement as an instantaneous 
ideal measurement. 

Since most of real measurements do not satisfy these limiting conditions, it is important to explore 
properties of general measurements. 

4.6 Various types of measurements 

In discussing the Zeno effect, more characterizations of measurements are used, which are explained in 
this subsection. 

4.6.1 Direct versus indirect measurements 

Suppose that S can be decomposed into two parts, So and S'. This does not necessarily mean that So 
and S' are spatially separated. They can be, for example, different sets of variables such as different 
quantized fields. Let Q and Q 1 be observables of So and S', respectively, and assume that they are 
correlated strongly, where Q is the observable to be measured. For example, Q may be the electron 
energy in an excited atom, by measurement of which one can detect the decay of the atom, and Q' the 
energy of photons emitted from the atom: They are strongly correlated with each other because of the 
energy conservation. 

Because of the strong correlation, the information about Q can be obtained through either an inter- 
action between So and A or another interaction between S' and A. In the former case, the measurement 
is called a direct measurement because apparatus A interacts directly with So which includes Q, whereas 
in the latter case it is called an indirect measurement because A does not interact directly with So- 21 
When discussing decay of an unstable state, for example, Q' may be regarded as a decay product, which is 
produced by the decay. In such a case, an indirect measurement is a measurement of a decay product (s). 
Note that in indirect measurements properties of the measurement of Q' become important. For example, 
the range Q' rangc of the measurement of Q' plays crucial roles in Sees. 15.51 and 15.61 

It is often criticized that the Zeno effect by direct measurements is not the 'genuine' Zeno effect |10) . 
because the appearance of change of Q is not very surprising if an apparatus acts directly on So- It seems 
therefore that theories and experiments on the Zeno effect by indirect measurements are to be explored 
more intensively. 

4.6.2 Positive- versus negative-result measurements 

Consider an excited atom, which will emit a photon when it decays to the ground state. If one monitors 
the decay by a photodetector that detects a photon emitted from the atom, the photodetector reports 
no signal if the decay does not occur. One can confirm that the atom does not decay by the fact 
that nothing happens. Such a measurement, in which one can get information even when a measuring 
apparatus reports no signal, is called a negative-result measurement. In terms of the formulation of 
Sec. 14.21 this means that one can get information even when r = r*o. On the other hand, when the spin of 
an electron is measured by the Stern-Gerlach apparatus, the apparatus reports either r = +h/2 or — 7l/2, 

20 Strictly speaking, such quantities cannot be called observables, although they can be measured, because the word 
"observable" should be defined as a quantity for which an ideal measurement is possible, at least in principle, to an 
arbitrarily good approximation. 

21 It might be tempting to regard S' in a indirect measurement as a part of a measuring apparatus. However, this is not 
recommended because they are different in the following point: S' always couples to So, whereas the apparatus couples to 
So (or S') only during a measuring process. 
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whereas ro takes another value, say tq = 0. Such a measurement, in which r after the measurement is 
always different from ro, is called a positive-result measurement. 

The Zeno effect looks more interesting when it is induced by negative-result measurements than by 
positive-result measurements, because seemingly nothing happens in the former case |10j . In Sec. |21 we 
will analyze the Zeno effect induced by indirect negative-result measurements. 

4.6.3 Repeated instantaneous measurements versus continuous measurement 

Assume that the Heisenberg cut is located between A and A' in Fig.^J Suppose that a measurement of 
Q is performed, in which the apparatus A interacts with S during < t < t and R of A is measured by 
A' at t — t. 22 Then, suppose that another measurement is performed, in which A interacts with S again 
during r + n < t < 2r + t\ and R is again measured by A' at t = 2t + t\. By repeating such sequences, 
one can perform repeated measurements of Q of S with time intervals Tj, as shown in Fig. 1141 
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Figure 14: Repeated measurements with time intervals Tj. 

Repeated measurements in the limit of r — > +0 (while keeping tj finite) may be called repeated 
instantaneous measurements. 23. To keep I of each measurement constant in this case, one has to increase 

22 Although we assume in the following equations for simplicity that the measurements of R by A' are ideal and instan- 
taneous, it is easy to generalize the equations to the case of general measurements of R using, e.g., the operator O m (r) of 
the POVM measurement of Sec. 14.8.31 

23 It is sometimes called pulsed measurements. To avoid possible confusion, however, we do not use this term in this 
article. 
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the coupling constant £ of Hi nt to infinity, as discussed in Sec. 14. 5.^1 Therefore, the repeated instantaneous 
measurements is a rather unphysical limit. 

On the other hand, one can change t; freely without changing /, because Tj is basically independent 
of I of each measurement. Therefore, the limit of t\ — > +0 is a physical and realistic limit, which is widely 
performed in real experiments. Since the apparatus A interacts continuously with S in such repeated 
measurements, it may be called a continuous measurement. 24 

Despite the above-mentioned difference between the two limits, it is sometimes argued that repeated 
instantaneous measurements for which (ri, t) = (T, 0) is equivalent to continuous measurement for which 

t) = (0, KT), where K is a positive constant of order unity. However, this equivalence holds only for 
certain limited cases. In fact, the results of Sec. |5] show that they are not equivalent, sometimes much 
different, in general. 

Note that the definition of the response time r becomes ambiguous in the case of continuous mea- 
surement, because H m t is effective for all t > 0. In this case, r may be defined as the time scale r r 
on which the probability distribution Pr(t) becomes significantly different from the initial distribution 
Pr{ t ) — 3r,r - Although only the order of magnitude can be determined according to this definition, it 
suffices for discussions on the Zeno effect induced by continuous measurement. Therefore, we will use 
this definition in Sec. 

Properties of repeated measurements can be calculated simply as a sequence of general measurements, 
which we have discussed so far. In fact, by repeatedly applying Eqs. JMJ, 11021 1 and (|105f) (with r' = t), 
we obtain 

P R {r n ;r n - U --- ,n) = \\p R {r n )e- i6s + AT \^ rn _ l ... ri ({n - l)(r + Ti)))|| 2 , (143) 

Voir ) p -iHs+AT 

|* rn ... ri (nr + (n - 1)ti)> = ' ,. { n) J ^-x-n ((« - l)(r + 7i))>, (144) 

|* r „... ri (n(r + Ti))> = e- { ^ +H ^\m rn ... ri {n T + (n - 1)t;)}, (145) 

for n = 1,2, From these formulas, one can calculate everything about repeated measurements, 
including the Zeno effect. For example, the expectation value {W) Tn ... ri of an observable W (of S or A) 
for the state after n measurements, for which the readouts are r\, ■ ■ • ,r n , is given by 

(W) rn ... ri = (* r „.. . ri (nr + (n - W\V rn ... ri (nr + (n - l) n )). (146) 



4.6.4 Unitary approximation 

In some cases, one is only interested in the average of (W) Tn ---r 1 over all possible values of the readouts. 
Such an average {W) v n is given by 

(W0vN= p n( r n;r n -i,--- ,ri)J^(r n _i;r n _ 2 ,--- ,r 1 )"-P R (ri){W) rn ... ri . (147) 

n ,■ ■ ■ ,r n 

24 This term is widely used when A interacts continuously with S, even when the times and properties (i.e., whether ideal 
or general and whether instantaneous or not) of measurements of _R by A' are not specified. As will be shown in Sec. 14.6.41 
such times and properties become irrelevant if one employs the 'unitary approximation' and is interested only in {X) v ^ 
and/or (i?) v Ni where X is an observable of S. 
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Using Eq. (|143fl . and taking t; = for simplicity, 25 we can rewrite this equation as 

x (Vr^-rAin - l)T)|e^ s + AT pH(r„)WP fl (r„)e-^ s + AT |* r „_ 1 ... ri ((n - l)r)), 

ri , ■ ■ ■ ,r n 

(148) 

In practical calculations, this is often approximated by 26 

(W) vN - (*(0)|e^ s + Anr V^e- ij&s + A " r |*(0)). (149) 

According to this approximate formula, one can evaluate (W) v n by simply calculating the unitary evo- 
lution, generated by e -* ff s+At^ f ^- ne initial state |*(0)) of the composite system S+A. That is, one does 
not have to use the projection postulate at all. We thus call this approximation the unitary approxima- 
tion. For each model of S+A, the validity of this approximation can be checked by comparing the result 
obtained from Eq. i|149[) with that obtained from Eq. 1148|) . 

Note, however, that general justification of the unitary approximation is not so simple. In Eq. I|148|) . 
the role of the sum of the projection operators V R (rj) (j = 1,2, ■ • ■ , n) is to destroy quantum inter- 
ference between states corresponding to different values of r^-'s. Therefore, if environments surrounding 
S+A are taken into account, decoherence by the environments would induce the same effects as theirs |72j . 
It might thus be tempting to consider that one could reduce Eq. i|148|) to Eq. (|149|l simple by using this 
equivalence. However, such decoherence effects generally induce noise terms in the Schrodinger equation, 
which thus turns into a stochastic one. In general, the time evolution by such a stochastic Schrodinger 
equation cannot be described by a unitary evolution such as Eq. I|149|l . In particular, Eq. Ij 149(1 is obvi- 
ously wrong in the limit of r — > because then the Zeno effect on R should take place. Therefore, to show 
the general validity of the unitary approximation one needs to show that Eq. I|148fl (or the stochastic 
Schrodinger equation) reduces to Eq. (|149fl under certain conditions. 

When W = X or R, where X is an observable of S, a sufficient condition for the validity of the 
unitary approximation would be that R is a macroscopic variable, for the following reason. If R is a 
macroscopic variable, the quantum interference destroyed by ^2 r . ^R^j) IS that between macroscopically 
distinct states. Such quantum interference can become significant only in limited cases such as (i) a 
certain observable is measured which can detect such interference, (ii) the state will evolve back closely 
to the initial state, or (iii) the Zeno effect on R occurs. Neither X nor R can be such an observable of case 
(i). Furthermore, it seems unlikely that the 'recurrent' process of case (ii) could occur in the time scale 
of a practical value of r if R is a macroscopic variable, because then A is a macroscopic system which 
generally has many degrees of freedom and complicated dynamics. Moreover, the time scale of case (iii) 
seems much shorter than the time scale of the Zeno effect on Q, which is a microscopic variable. 

Actually, the unitary approximation is used widely in studying the Zeno effect without confirming its 
validity, even when R is taken as a microscopic variable. However, it is generally believed (and confirmed 
empirically) that results obtained by this approximation are much better than the results of a naive 
application of the projection postulate on S. In Sec. we will employ the unitary approximation and 
discuss its validity for the proposed model. 

25 The corresponding formula for ri > can also be obtained easily. 

26 Unlike formula 11241 for single measurement, Eq. 11491 is not a rigorous formula because R does not commute with 
-ffs+A (since if they did then R would not change by the interaction, and thus no information would be transferred to R), 
except for the trivial case where [X,H S+A ] = and W = X, for which (W) vN = (0) | VK | ^ (0)) . 
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4.7 A simple explanation of the Zeno effect using the quantum measurement 
theory 

When a quantum system S is not measured, its state \tp) evolves freely as \if>(t)) = exp[— zifgt]|-0), and 
the expectation value of an observable Q of S evolves as (ip(t)\Q\ip(t)) = (Q(t)) llcc . To measure Q, on 
the other hand, one must couple S with an apparatus A via an interaction i?j nt between them in such 
a way that non-vanishing correlation is established between Q and an readout R of A, as discussed in 
Sec. 14.21 As a result, S and A evolves as a coupled system as \^{t)) = cxp[— i(Hs + H int + H x)t]\Tp)\iJj) 
and the expectation value of Q now evolves as = (Q(t)) mt . Since Q and R undergo a 

coupled motion by H m t, (Q(t)) lnt generally evolves differently from (Q(i)) . Even when A reports no 
signal (i.e., a negative-result measurement), the presence of H m t does have an effect. Obviously, the effect 
becomes larger as the coupling constant £ of H lnil is increased. 

Suppose that one performs repeated measurements, each takes r seconds, with vanishing intervals 
(t; = 0). To make the measurements more frequent (i.e., to reduce r) without reducing the amount of 
information / obtained by each measurement, one must increase £. Therefore, as r is decreased without 
reducing /, the effect of H m t on S becomes larger. If r can thus be reduced sufficiently short by increasing 
£ enough, the difference between (Q(t)) lnt and (Q(t)) lree (for a given t) becomes larger, and it will become 
possible to detect the difference by experiments. This is the Zeno effect when Q represents an observable 
that distinguishes the status (whether the system is decayed or not) of an unstable state. 

Note that an arbitrary interaction with an external system does not necessarily affect the expectation 
value of Q. The essence of the Zeno effect is that the form of H lnt is limited and its strength £ is lower 
bounded by the requirement that _ff; nt should create sufficient correlation between Q and R in order to 
extract non-vanishing information. For this reason, the lifetime is always modified in the limit of t\ — > 
and t — > 0, because this implies £ — * oo. Such a universal conclusion can never be drawn for general 
interactions with (or perturbations from) external systems. 

However, as explained in Sec. 14.5.1)1 an instantaneous ideal measurement is an unrealistic limit of real 
measurements. Therefore, the following questions need to be answered: (i) Is the Zeno effect induced 
by real measurements? (ii) Under what conditions does it occur? (iii) How does the decay rate of the 
unstable state behave as a function of the measurement parameters, such as the measurement error, 
response time, range, and so on? We will answer these questions in Sees. El and El 

Note that for analyzing the Zeno effect it is sufficient to calculate the averages, over all possible values 
of the readout, of expectation values of a few observables. In fact, one is most interested in the lifetime 
of an unstable state, which is the average time at which the decay occurs. This can be expressed as the 
average of the expectation value of an appropriate observable. Therefore, as explained in Sec. 14.6.41 for 
analyzing the Zeno effect it is sufficient to calculate the unitary part of the measurement process if one 
employs the unitary approximation. 27 That is, unlike the conventional theories of Sec. El one does not 
have to use the projection postulate. To understand this point, however, the full framework, which we 
have explained so far in this section, of the quantum measurement theory is necessary. 

4.8 Additional comments 

We have explained all things necessary to apply the quantum measurement theory to the Zeno effect. To 
be more complete, however, we will describe a few more points which will help the reader. 

4.8.1 Non-triviality of the uncertainty relations 

The Zeno effect is a sort of backaction of measurements. It might thus be tempting to think that the 
Zeno effect could simply be described using the uncertainty relations. However, this is false. We here 
explain this point, assuming the canonical commutation relation [Q, P] — ih for simplicity. 

27 As explained there, this approximation should be good if R is taken as a macroscopic variable. 
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The uncertainty relation that is described in most textbooks is the following inequality, 

SqSp>h/2 (150) 

Here, (Sq) 2 = (ip\(AQ) 2 \i/j) and {Spf = {^\{AP) 2 \i}}) , where AQ = Q - {ip\Q\tp) and AP = P - 
(tp\P\ip). This inequality is derived directly from [Q, P] = ih. On the other hand, in his famous gedanken 
experiment on the uncertainty principle, Heisenberg claimed the following inequality, 

<5?crr $Pba > V 2 ! ( 151 ) 

where <5<7 C rr and Spb a are the measurement error in a measurement of Q and its backaction on P, respec- 
tively, which are quantified by the square roots of Eqs. I|131fl and l|141|) . 

As stressed by Lamb |71|. inequalities (|15UII and (|151f) are totally different from each other. In the 
former, 5q and dp represent the standard deviation of experimental data that are obtained from error-less 
measurements of Q and P, respectively, which are performed independently of each other. Properties of 
the measuring apparatus are not included at all. In this sense, inequality i|15U[l can be understood as the 
uncertainty relation of the pre- measurement state. On the other hand, 5q eTT and 5pi> a i n inequality (|151|l 
are the measurement error and backaction, respectively, of the measuring apparatus. They are obviously 
different from 8q and 8p; e.g., Sq err can be large even when Sq — 0. Furthermore, inequality (|150ll is 
never violated by any quantum states whereas relation i|151[l can be violated. For example, suppose that 
we have an approximately error-less measuring apparatus A crrlcss of Q of a particle, and a momentum 
modulator M, which limits the range of momentum in some finite range. We can let the pre-measurement 
wavefunction enter in A crrless , and then pass through M. Since the location of the Heisenberg cut and 
the time at which the measurement is completed can be taken arbitrary, we can regard this composite 
system A errlcss +M as a single apparatus A. For this apparatus, Sq CII ~ (by A crrlcss ) whereas Spi, a is 
upper limited (by M). Therefore, Sq eTT 5pb a — 0, and inequality (|151|l is violated. 

As might be understood from this simple example, one can construct many different "uncertainty 
products" by combining two of Sq, Sq clI , Sq^a, Sp,Sp CII , and <5pba- The lower limits, if exist, of different 
uncertainty products can have different values. Furthermore, inequality l|15U|) assumes that the mea- 
surements of Q and P are performed not simultaneously but separately. When Q and P are measured 
simultaneously, on the other hand, the uncertainty becomes larger as SqSp > h 22 . To explore these 
uncertainty products, the quantum measurement theory is necessary. Recently, Ozawa (2H| have found 
certain universal relations among them, using the rather mathematical definition (|132|1 . 

It is clear from these considerations that the Zeno effect cannot be discussed simply using uncertainty 
relations. 



4.8.2 Measurement of time correlations 

Suppose that an observable X is measured at t = using an apparatus Ax, and subsequently another 
observable Y is measured at time t (> 0) using another apparatus Ay. The expectation value of the 
product of the two readouts Rx and Ry is called the time correlation, which we denote as (Y(t)X(0)). 
As a quantum-theoretical expression of this quantity, the following one is often employed: 



(^hI^h^hCO^h), 



(152) 



where the subscript H denotes the corresponding quantities in the Heisenberg picture. However, as 
stressed first by Glauber [T^], this expression is wrong except for a special case. The correct expression 
is obtained, in a manner similar to discussions of Sec. 14.6.31 as follows. 

From Eqs. I|94() and l|102|l (with r' = r = tx, the response time of Ax), the probability distribution 
of the value rx of Rx is given by 



P Rx (r x )= V Rx (r x )e 



iHs+ATx 



IV>)IV>a) 



(153) 
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where A denotes the joint system of Ax and Ay, and the post-measurement state is 



\/ p Rx(rx) 



V Rx (r x )e 



—iHs+ATx 



VOIVa). 



(154) 



This state evolves into e 1 ( h s+Ha)(< r x ) |\|> rx (tx)) at time t (> Tx), which becomes the pre-measurement 
state of the measurement of Y . The probability distribution of the value ry of Ry is therefore given by 



PR Y (r Y ;r x ) = TRjry^^^e-^+^-^^rxiTx)) 
where Ty is the response time of Ay. From these equations, the time correlation is calculated as 
(Y(t)X(0)) = J2 r Yr X PR Y (ry,r x )P Rx (r x ) 



(155) 



E 

r x ,r Y 



r Y r x 



V Rv (r Y )e 



-iH s+A r Y „-i(H s +H A )(t-T X 



V Rx (r x )e 



—iHs+AT X 



MM (156) 



If both measurements are ideal and instantaneous 28 , and if [X, Y) = [X, Hs] = 0, then from Eq. p()9|l 
this formula reduces to 



(Y{t)X(0)) =J2v x \ 'Py{y)e- i " st V x {xm = (^1^(^(0)1^) 



(157) 



x,y 



For general measurements, however, one must use the correct formula (|156Jl . which states that the value of 
the time correlation depends on properties of the measuring apparatus. In particular, the value strongly 
depends on the backaction of A, because it determines the post-measurement state |\P rx (T~x)) > which 
evolves into the pre-measurement state of the subsequent measurement of Y. Therefore, if one has two 
sets of pieces of apparatus (Ax, Ay) and (A' x , A' Y ), the value of (Y(t)X(0)) depends on which set is 
used as the measuring apparatus, even when their measurement errors are negligibly small. Examples 
and experimental demonstrations of this fact are presented, e.g., in books on quantum optics |21l I82j . 

An important implication of the discussions of this subsection is that the Zeno effect would also 
depend on properties of measuring apparatus. This is indeed the case, as will be demonstrated in Sec. 03 

4.8.3 POVM measurement 

From Eqs. (|94J) and (with t' = r), the probability distribution of the readout can be expressed as 

-^ s + AT \^ A ){i: A Me i6s + AT r R (r) 



P R (r) = Tr s+A [f> R {r)( 



Tr 



,-iHs+AT 



|^)|^A)(^A|(^|e 



iH s+A T\ 



', m) 



(158) 



where Trg + A and Tr denotes the trace operations over Hs+a and Hg, respectively. If we define the 
operator O m (r) on Hg by 



O m (r)\il>) 



-iH s+A T 



|V>|^a> forV|^)eH £ 



(159) 



28 As noted in Sec. 14.5.61 this means that the coupling constant £ of Hi nt is infinite, and hence Hs+A T x ~h although 
rx — 0. 
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then the above equation can be written as 



Pr(t) = Tr 



J2O m (r)p(0)Ol(r) 



(160) 



where p(0) = \ip)(ip\. Furthermore, the post-measurement state can be expressed as 

1 



Pr{r) 



Pr{t) 



-Tr, 



VR(r)e- lHs ^ r m^ A )(^ A \(iP\e tH ^ AT V R (r) 
1 



Tr 



(161) 



Therefore, we can calculate both Pr(t) and p r (r) from the pre- measurement state p(0) if the set of 

operators {O m {r)} is given. General properties of {(D m (r)} is easily obtained from its definition I159|) . 
For example, 

^^0t l (r-)a ro (r) = l (162) 

r m 

because J2 r Sm^il^mM^mMIV^) = (ipilfo) for arbitrary vectors |V>i) and \ip 2 ). 

If A is a set of values of r, then the probability of getting the readout in A is given by 



^P fl (r)=Tr 



7-eA 



££6 m (r)p(0)6t n(r) 



_rG A rn 



(163) 



Helstrom |68| derived a similar expression in a different manner, by considering mathematical require- 
ments for general measurements. He called the association between A and the linear map 



^^O m (r)p6t n(7 



(164) 



r£ A m 



a positive operator-valued measure (POVM). Therefore, a general measurement is sometimes called a 
POVM measurement. 

One can in principle calculate the correct POVM using Eq. (|159(l for each model of the measurement 
process. However, for certain purposes, it is sufficient to assume some reasonable form of the POVM by 
hand. This simplifies discussions greatly. Such a phenomenological theory is widely used, e.g., in quantum 
information theory (HH1 EH • The Zeno effect can also be analyzed using such a phenomenological theory, 
although we shall not use it in this article. 



4.8.4 Completeness of the standard laws of quantum theory 

In concluding this section, we want to stress that the results of this section show the completeness of 
the standard laws of quantum theory, which include Born's rule and the projection postulate. One can 
surely obtain the correct results by applying these laws if the Heisenberg cut is located at an appropriate 
position, although wrong results might be obtained if one naively assumed the Heisenberg cut between 
S and A. Furthermore, we have derived formula for POVM measurements in Sec. 14.8.31 although some 
recent textbooks employed POVM measurements as one of the fundamental laws of quantum theory. 
Therefore, the standard laws of quantum theory are complete if correctly applied. 
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5 Analysis of Zeno effect by quantum measurement theory 



In the previous Section, we have reviewed the quantum measurement theory, according to which (in 
particular, Sec. 14. 6. 411 one should analyze the unitary temporal evolution of both the target system S of 
measurements and (a part of) measuring apparatus A. Many of theoretical analyses of the Zeno effect 
employed this formalism |3H1 13H IZH EH ESI E3 [ZH CHI- In this section, taking a photon-counting 
measurement on the decay of an excited atom as an example, we study the Zeno effect with this formalism, 
and compare the results with those obtained in Sec. El 

This section is organized as follows: In Sec. 15.11 a concrete Hamiltonian for the system-apparatus 
interaction, as well as the physical quantities of interest, is presented. In Sec. 15. 21 the effect of the system- 
apparatus interaction is investigated analytically; it is shown that the system-apparatus interaction results 
in the rcnormalization of the form factor, through which the decay rate of the atom is modified. In Sec. 15. 31 
we consider an idealized situation where the detector satisfies the flat-response condition, Eq. (|192f> ; it 
is observed that the conventional projection-based theory discussed in Sec. is essentially reproduced 
under this condition. Contrarily, in Sees. 15.41 15.51 15.61 we consider the effects of imperfect measurements, 
where the flat-response condition is not satisfied and various phenomena beyond the conventional theory 
appear. 



5.1 Model for the system and apparatus 
5.1.1 Hamiltonian for atom-photon-detector system 

As an example of an unstable system and a measuring apparatus for checking its decay, we discuss the 
case where the radiative decay of an excited atom is continuously monitored by counting the emitted 
photon. This is a sort of a continuous measurement fSec. l4.63)l . where the observer judges that the atom 
has decayed if the detector (measuring apparatus) has counted a photon. Note that this measurement is 
classified as a negative-result and indirect measurement, for which the curiousness of the Zeno effect is 
most emphasized (see Secs. l4.6.Tl and POT^ . 

We present again the Hamiltonian of the measured system S, i.e., an atom and a photon field: 



H s = Slcr+cr- + J dk (g k a + b k + H.c.) + e k b f k b k . (165) 



The unobserved decay dynamics of this system has already been discussed in Sec. El We now couple 
a detector A to S. In usual photodetectors, photons are converted to elementary excitations (typically, 
electron-hole pairs) in the detector. Here, we model the detector by a spatially homogeneous absorptive 
medium, whose Hamiltonian is given by 

H A = ^2 dk ekjC^Ckj. (166) 



Here, e k j and c k j denote the energy and an annihilation operator, respectively, of the elementary excita- 
tion with the momentum k and a set of other quantum numbers j 29 . We treat c k j as a bosonic operator, 
which satisfies [c k j, c k'j'] = — k')5jj> , and thus the detector is here modeled by non-interacting bosons. 
Such a treatment is allowed as long as the density of excitations is low, 30 which is valid in usual pho- 
todetection processes. Usually, elementary excitations form a continuum in energy, and the conversion 

29 For example, k is the center-of-mass momentum of an electron-hole pair, and j is a set of other quantum numbers for 
the electron-hole relative motion. 

30 States excited by photons are in the charge-neutral sector of electron-hole states. Such states can always be mapped 
to states of interacting bosons I8UI 1811 . When the density of excitations is low, then the density of bosons in the mapped 
state is low, and thus the interactions among the bosons are negligible. For details, see, e.g., Refs. ISOllSll 
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from a photon to an excitation occurs irreversibly. The interaction between photons and the elementary 
excitations may be described by adding the following photon-detector interaction term: [7^1 E2 

ffint = J dk (^jbic kj + H.c). (167) 

3 

Here, the photon (of mode) k does not couple to elementary excitations with a different momentum 
k'(j£ k), due to the translational symmetry inherent in spatially homogeneous systems. 

Throughout this section, we assume that there is no excitation in the detector initially. Then, 
following Sec. 12.31 we can transform Eqs. (|166|l and (|167|l into the following form: 

H A 

Hmt 

where Cfe w is normalized as [cfc w , cj,,^,] = 5(k — k')S(ui — to'). ^ku is the form factor for the photon-detector 
interaction, for a photon with momentum k. 

The photon-detector coupling generally introduces two effects on the photonic modes: The cou- 
pling makes the lifetimes of photons finite, as well as it introduces slight shifts in the photonic energies. 
The latter effect appears when t^kuj is not a symmetric function of u> about the photon energy e& (see 
Sec. I6.3J) . Here, in order to neglect the energy shifts of photons, which bring about uninteresting com- 
plexity from the viewpoint of the Zeno effect, we neglect cj-dcpcndence of ^kui and take the following 
form: 

6^ = y/Vk/2n, (170) 

which is called the flat-band approximation. By this choice of photon-detector coupling, the photon k 
will be converted into an excitation in the detector at a rate rjk ■ The response time of the detector for 
the photon k is therefore given by 

Tk^Vk 1 - (171) 

In realistic experimental situations, the photon-detector coupling rjk often depends on k. For example, if 
the detector has a finite detection energy band, rjk is nonzero only for photons whose energy falls in the 
detection energy band. Therefore, we retain fc-dependence of rjk in order to treat such cases. 

In real photodetectors, photogenerated excitations are magnified to yield macroscopic signals. Here we 
neglect the magnification processes, regarding it as the apparatus A' that performs an ideal measurement 
of the number of excitation quanta fSec. I4.2ll . although actually it would not be ideal in general. Such 
an approximation has been successfully applied to many problems in quantum optics [161 1211 l.'S2| . 

5.1.2 Quantities of interest 

In studying the Zeno effect, one is interested only in the averages of a few observables (such as s(t), e(t) 
and r(t), described below) over all possible values of the readouts of the measurements. Furthermore, 
since this model does not corresponds to either of the limiting cases (i)-(iii) of Sec. 14. 6. 41 31 the unitary 
approximation of Sec. 14.6.41 is expected to be good for this model. Therefore, within the unitary ap- 
proximation , it is sufficient to investigate the unitary time evolution of the joint quantum system S+A, 
as explained in Sec. 14.71 Therefore, the projection postulate is no more necessary; the counteraction of 
measurement onto S is naturally introduced through the interaction H mt between the measured system 
and the measuring apparatus. 

31 For example, the time scale of the recurrent process is infinite because A of this model has a continuous spectrum. 



dkduj uc^Cku, (168) 
dkdutehvblcto + H.c), (169) 
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In our model, the Hamiltonian of S+A is given by the sum of Eqs. qi65|) . I|lt)8|) and ill69|) : 



H = H S +H iat + H A . (172) 

The pre-measurement state is ct + |0)|0a), where \0a) denotes the vacuum state for c k u- Hereafter, we 
denote the vacuum state for the enlarged system S+A, |0)|0yi), by |0) for simplicity. Since the number 
of total quanta, N = <t + <t- + j dkb k b k + J J dkduic ku c kuJ , is conserved (=1) in this enlarged system, the 
state vector at time t can be written in the following form: 

|V(«)> = exp(-iWi)|i) - f(t)a+\0) + J dkf h (t)bl\0) + J J dkdu f kul {t)c{jQ) . (173) 

We define the following three probabilities of physical interest: 

»(*) = \f(t)W (174) 
e(t) = Jdk\f k (t)\ 2 , (175) 

r(t) = J J dkduj\f kuJ (t)\ 2 . (176) 

s(t) is the survival probability of the atom under the photoncounting measurement. s(t) is the probability 
that the atom has decayed and emitted a photon but the emitted photon has not been detected. We 
therefore call e(t) the measurement error. 32 r(t) is the probability that the atom has decayed and the 
emitted photon has been detected. Neglecting the signal magnification process, we can interpret r(t) as 
the probability of getting the detector response. One of the merits of the present analysis of measurement 
is that all of these quantities of interest can be calculated. 

In the following part of Sec.[5l we will investigate how the decay probability 1 — s(t) is perturbed by 
the interaction with measuring apparatus, H mt . If 1 — s(t) is suppressed (enhanced) compared to the case 
of free decay where H m t — 0, we regard that the QZE (AZE) is taking place. One might feel strange why 
this judgment is not done through r(i), which is directly accessible by an observer. This is because r(t) 
does not necessarily reflect the decay probability 1 — s(t) faithfully in general measurement processes: 
In good measurements, 1 — s(t) well coincides with r(t) as observed in Fig. I17f b). but such an optimal 
response is expected only when the response time of detector is much shorter than the atomic lifetime, 
and when the detector is active for all relevant photons. If the detector response is slow [see Fig. I17f a)] 
or if the detector is inactive for some photons [see Figs. 1231 1251 and!2§ ] . r(t) largely deviates from 1 — s(t). 
Note that the atomic state does have decayed if 1 — s(t) = 1 even when r(t) ~ 0. 

5.1.3 Relation to direct measurements 

As stated at the beginning of Sec. 15.1. II the model presented in Sec. 15. 1.T1 describes a case of an indirect 
measurement. However, it is shown here that a model for a direct measurement can also be recast into 
the same form, and therefore that the results presented in Sec. are applicable not only to indirect 
measurements but also to direct measurements. 

As the unstable quantum system, we again employ an excited atom undergoing radiative decay, but 
we slightly change the notation: Denoting the excited and ground states by \a) and \b), and taking the 
energy of \b) as the origin of energy, we rewrite the unobserved system Hamiltonian as 

Hl ilcct = n\a)(a\ + Jdk [(g k b k \a)(b\+R.c.) + e h blb h \ , (177) 



32 However, there are several other definitions of measurement error (Sec. 14.5.21 . 
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which is identical to Eq. I|lt)5|) except for notations. As a model of a direct measurement, we assume that 
the atom is coupled with an apparatus A, which has a continuum of single-electron states, in such a way 
that as soon as the decayed electronic state \b) is occupied the electron tunnels into the continuum with 
a rate rj |83| . The observer knows the decay of the initial unstable state \a) through the population in 
the continuum. Denoting an energy eigenstate of A with energy fj, by we take the Hamiltonian of A 
and the interaction with S as 

^direct + ^direct = J ^ + J d ^^J^^ ){b \ + ( 1 78) 

Obviously, this model describes a direct measurement, for the measurement apparatus directly interacts 
with the atom in order to get information on the atom. 

According to the above Hamiltonians, the state vector starting from the initial state \a) evolves in 
the subspace, spanned by {|a), &t|6), &t|/-t}} 5 of the total Hilbert space. This situation is similar to the 
model of Sec. I5.1.T1 for which the subspace is spanned by {c+|0), 6^.|0), c^. w |0)} as Eq. I|173|) . Actually, 
by regarding \a) — » er + 10), b\.\b) —> 6^.|0), and b' k \co — e^} — > c^|0), we can map the present model of 
a direct measurement exactly onto the model of Sec. 15.1.11 with the photon-detector coupling constant 
£fcw = Vw^tt- (Such a case, where has no fc-dependence, is called the case of "flat response" in 
this article and shall be discussed extensively in Sec. 15. 31 ) Thus, the model of a direct measurement, 
Eqs. H177|) and 1)1781) . is included as a special case of the model of an indirect measurement, Eqs. I|l(j5|) . 
lUSBJ and (EHJ). 



5.2 Renormalization of form factor by measurement 

As an inevitable counteraction of photon-counting measurements, the lifetimes of photons become finite. 
As a result, the energies of photons are broadened, and the form factor (see Sec. 12.3(1 suffers modification. 
Hereafter, we refer to the new form factor as the renormalized form factor. In this section, we discuss 
how the form factor is renormalized by the measurement, i.e., through the photon-detector interaction. 
It should be reminded that, when the system is not observed (-ffint = 0), the original form factor is given 

by 

| 5 J 2 = J dk\g k \ 2 5{t k - y). (179) 

In order to obtain the renormalized form factor, we first diagonalize the photon-detector part of the 
Hamiltonian, H- lnii + Ha- For this purpose, we define the coupled-mode operator Bk^ by 

= a. k (ji)b k + J dw(3 k (n, Lu)c h u, (180) 

otkW = —. — 7x, (181) 

^ - £fc + "7k/ 2 

(M - e k + W?fe/2)(/t - U + 10) 

It can be confirmed that B kfJi is orthonormalized as [B kll , Br k , ,] — 5(k — k')6(fj, — //). Inversely, the 
original operators, b k and Cfc w , are given, in terms of -Bfc M , by 



bk = j d^,a* k {p)B k ^, (183) 
Ckuj = / d^/3fc(w,^)Bfc M . (184) 
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without measurement 




with measurement 
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Figure 15: Illustration of the renormalization of the form factor. The contribution of each photon mode 
is given by a delta function when photons are not counted, whereas it acquires finite width r/ k as a 
counteraction of measurement. The form factor is an accumulation of contributions of all photon modes 
(broken line). 



Using the coupled-mode operators, the enlarged Hamiltonian H is transformed into the following form: 



H = ria+a- + 



dkdfi 



(W2^) 1/2 fffc 
/i - e k - i?7fc/2 v 



a+B k ^ + H.c. 



(185) 



Now we extract the interaction mode B^ at energy /i, employing the same method as used in Sec. 12.31 
Bfj, is given by 



B„ 



/ , u (r] k /2ir) 1 / 2 g k 



dk\g k 



fi — ek- iri k /2 

2 W 27r 

l/J- ~ e fc — i77 fc /2| 2 : 



(186) 
(187) 



where |g M | 2 was determined so that is orthonormalized as [B^jB',] = <5(/z — //). Using the interaction 
modes, H is further rewritten as 



H = fioa+cr- + J d/x [{g^a+Bn + H.c.) + ^B^} + H rcst , 



(188) 



where H rcst consists of coupled modes which do not interact with the atom. 

In the final form of the Hamiltonian, Eq. (|188f) . the atom is coupled to a one-dimensional continuum 
of with the coupling function g^. Thus, \g^\ 2 gives the form factor renormalized by measurement. It 
is easy to confirm that, in the limit of r) k — > for every k, Eq. I|187(l reduces to the original form factor, 
Eq. fT?5|) . 

Equations (|179|) and (|187|l clarify how the form factor is renormalized as a backaction of measurement. 
When the system is not observed, the form factor is an accumulation of delta functions, \g k \ 2 5([i — e k ). 
When one tries to measure the decay of the system by detecting an emitted photon, the lifetime of the 
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emitted photon becomes finite as inevitable counteraction of measurement. Thus, the contribution of 
photon k is energetically broadened as 



\gk\ 2 S(n - £fc) 




W 27r 



(189) 



|/i - e fe - i%/2| 



2 ' 



satisfying a sum rule: 



rjk /27r 




(190) 



- £ fc - iW2| 2 



The renormalization of form factor is illustrated in Fig. 1151 

As is observed in Sec. 12.61 the decay rate is approximately given by the FGR with high accuracy. We 
may thus estimate the decay rate under measurements by the FGR. In this case, note that when applying 
the FGR the final states must be defined as eigenstates of the system in the absence of the atom-photon 
interaction. Under measurements, the photon states (6^. |0) ) do not satisfy this condition because of the 
photon-detector interaction, whereas the coupled modes (-B^|0) or Bt JO)) do. Therefore, in order to 
predict the decay rate correctly, the FGR should be applied not to the original form factor, Eq. I|179|) . 
but to the renormalized form factor, Eq. I|187|) . Then, we obtain the decay rate under measurement as 



This quantity is the principal result on the QZE and AZE by the quantum measurement theory: the 
decay rate is modified through renormalization of form factor by measurement. If T is smaller (larger) 
than the original decay rate without measurement, which is given by T = 2ir\gfi\ 2 , we regard that the 
QZE (AZE) is taking place. In Sec. 15.31 Eq. i|191|) is compared with Eq. (|76|l . which gives the decay rate 
under repeated instantaneous measurements based on the projection postulate. 

5.3 Continuous measurement with flat response 

The conventional theories of the Zeno effect (Sec. assumed that each of the repeated measurements is 
instantaneous and ideal. On the other hand, we are treating here a continuous measurement. As pointed 
out in Sec. 14.6.31 these measurements are quite different from each other in general. For example, the 
response time r r = and the measurement intervals Tj > in the former, whereas r r > and r; — in 
the latter. Regarding the Zeno effect, however, similarity between these different measurements has often 
been discussed |79| . In this subsection, we present a case where they indeed give similar results, whereas 
in Sees. IB~4l 15.51 and 15.61 we will present drastic cases where they give much different results. 

To see the similarity, it is customary to consider that T r (response time of the apparatus) would 
correspond to r; (interval of repeated instantaneous measurements) with a possible multiplicative factor 
of order unity. Furthermore, it should be noted that, if one applies the projection postulate directly to 
the atomic states, the quantum coherences between the survived state (<r+|0)) and decayed states {b\\0)) 
are destroyed simultaneously, regardless of photon wavenumber k. Therefore, the projection postulate 
implicitly assumes an idealized situation, in which the detector is sensitive to every photon mode with 
an identical response time r r . In the present model, such flat response is realized by putting 



In this section, using the formalism of Sees. I5~T1 and l5~2l we study the Zeno effect under a continuous 
measurement with such a detector, and compare the results with those obtained by the conventional 
theories. 




(191) 



T)k = T r 1 for every k. 



(192) 
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Figure 16: Illustration of the calculation by Eq. 1)193(1 of the decay rate r(r r ) under continuous mea- 
surement with flat response. r(r r ) is given by integrating the form factor <7 M | 2 with a weight function 



5.3.1 Decay rate under flat response 

When the condition of flat response [Eq. (|192Jl ] is satisfied, the general expression of the measurement- 
modified decay rate [Eq. (|191fl ] is recast into the following form, using the definition of the form factor, 
Eq. |H||: 



r(r r ) = 
£00 = 



Mg^l 2 x fdn), 



|/z-fj-i/2r r | 



(193) 



(194) 



Namely, the decay rate under a continuous measurement with flat response is given by integrating the 
original form factor {g^ 2 with a weight function /f(/i), as illustrated in Fig. ^] The weight function 
f{(/J-) has the following properties: (i) /f(/i) is a Lorentzian centered at the atomic transition energy f2 
with a spectral width ~ 7" r _1 , and (ii) /f(/i) is normalized as J d/i/f(/i) = 2ir. 

Now a close connection between repeated instantaneous measurements (Sec. 13 .2f) and continuous 
measurements with flat response has become apparent |84) : The difference between them lies merely in the 
functional forms of the weight functions f c (p) of Eq. I|78(l and fi(p). Thus, apart from slight quantitative 
discrepancy due to the difference between f c {p) and /f(/x), the conventional theories presented in Sec.|3 
based on the projection postulate can be essentially reproduced from the formalism of Sees. 15. ll and !5.2l 
in the special case of flat response. 

Furthermore, it is of note that the effects of these two measurements would coincide even at a 
quantitative level, when the measurement interval t; is a stochastic variable following a distribution 
function P{n) = (2t 1 -)^ 1 cxp(— Ti/2r r ). In this case, the weight function for the repeated measurements 
is modified as follows: 



/c(M) 



dnP^) x t\ sine 2 



n(fj, - Q) 



|^-fi-i/2r r | 2 ' 



(195) 



which is identical to /f(/x) |84) . 

Of course, the condition of flat response is not satisfied in general measurement processes, so inter- 
esting phenomena beyond the conventional theories are expected, which are the topics of Sees. 15.41 15.51 
and 15. 61 In the rest of Sec. 15.31 we confirm the qualitative agreement between these two formalisms with 
concrete numerical examples, based on the Lorentzian form factor [Eq. (|51|l ]. for which the Zeno effect 
by the conventional theories has already been revealed quantitatively in Sec. |3J 
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Figure 17: Temporal evolutions of 1 — s(t), e(t), and r(t). The parameters are chosen as A = 2O7 (i.e., 
fj = 0.057" 1 ), |fi — = 0. The response time of the detector is chosen as r r = O.57 -1 in (a), and 
r r = 0.0257 -1 in (b). r(t) follows 1 — s(t) with a delay time that is approximately given by r r . Thin 
dotted lines show the unobserved decay probability. 



5.3.2 Numerical results 

To calculate the three probabilities of physical interest, s(t), e(t) and r(t), we use the Green function 
method presented in Sec. 12.51 Here, an important modification is required due to the photon-detector 
interaction: The bare photon Green function P(ui,k), which appears in Eqs. H49|) and (|50|) . should be 
replaced by the dressed photon Green function P(ui,k). Following Sec. 12.51 the dressed Green function 
is given by 

P(",k) = - y f ( ^, (196) 
1 — L(w, k)P(uj, k) 

where P(u>, k) and £(w, k) are the bare Green function and the self-energy of the photon k, respectively, 
which are given by 

P(u,k) = ^— -, (197) 

oj - e k + id 

E(w,fc) - [dp \^ [ Jh, (198) 

Substituting Eqs. (|197|l and (|198|l into Eq. (|196|) . we obtain the dressed Green function of the photon k 

as 

P(lu, k) = : -. (199) 

The change from P(u>, k) to P(oj, k) represents the renormalization effect, which is discussed in Sec. 15.21 
in the language of the Green function method. We can calculate s(i), e(t) and r(t) numerically using 

P{LU,k). 

In Fig. El the temporal evolutions of the three probabilities are plotted. In Fig. I17f a1. the response 
of the detector is assumed to be very slow (r r ~ 7" 1 ), in order to visualize the delay of the detector 
response. As a result, the decay dynamics s(t) is almost unchanged from the unobserved case. We can 
confirm that r(t) follows 1 — s(t) with a delay time ~ T r ; thus, r r may safely be regarded as the response 
time of the detector. Recall that as noticed in Sec. 14.5. II t,. is actually the lower limit of the response time 
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yi T - oo 
yr r = 0.005 
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Figure 18: Temporal evolution ol T(t), where A = 2O7 (i.e., tj = 0.057~ 1 ). £1 — fio = in (a), and 
fi — fio = 2 A in (b). The values of the response time r r are indicated in the figures. The decay rate 
agrees well with the FGR decay rate (thin dotted lines), which is given by Eq. I|2U2|) . 



because additional delays in the response, such as delays in signal magnification processes, may occur 
in practical experiments. In discussing fundamental physics, the limiting value is more significant than 
practical values, which depend strongly on detailed experimental conditions. A typical value of r r for 
GaAs is 10 _15 s, which is much shorter than the practical response times of commercial photodetectors, 
which range from 10 -6 to 10~ 13 s. In the case of measurement of the decay of an excited atom by 
semiconductor photodetectors, we can usually assume that r r <C 7" 1 because 7 _1 ~ 10~ 9 s typically. The 
results for such quick response are plotted in Fig. ll7f b). Furthermore, r(t) follows 1 — s(t) almost without 
decay, and that the measurement error e(t) almost vanishes for all time. It is observed that the decay is 
slowed down as compared with (a), i.e., the QZE occurs under a continuous measurement with quick and 
flat response. In both Figs. I17f a) and (b), emitted photons are all counted by the detector. Therefore, 
r(t) — > 1 and e(t) — ► as t — * oo. 

In order to see more details, T(t) = — \ns(t)/t is plotted in Fig.^Jfor several values of the response 
time T r of the detector. As for the initial behavior of T(t), it is confirmed that T(t) increases linearly in 
time as T(t) — 'jA.t, regardless of the values of f2 — /zo and r r . This feature is completely the same as 
that of the free evolution of the atom-photon system (Fig.0|. 33 On the other hand, in the later stage of 
decay (t > tj), it is confirmed that T(t) approaches a constant value, indicating that the decay proceeds 
exponentially with a well-defined decay rate. It is also confirmed that the decay rate agrees well with 
the FGR decay rate applied to the renormalized form factor (thin dotted lines in Fig. 118(1 , which will be 
discussed in Sec. 15.3. Jl in detail. Note also that in Fig. HHT a'). where ft — fi = 0, the decay rate decreases 
monotonically as r r is shortened. In contrast, in Fig. I18f b). where fl — /aq = 2A, an increase of the decay 
rate (the AZE) is observed for large r r , whereas suppression of decay (the QZE) is observed for small r r . 
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Figure 19: Renormalization of the form factor. The original form factor is plotted by the solid line, 
and the renormalized form factors for r r = 0.0257~ 1 (slow response) and 0.0057 -1 (fast response) are 
plotted by dotted and dashed lines, respectively. At /i = (j,q, \g^ | 2 decreases monotonically as r r becomes 
shorter, which corresponds to Fig. ll8f a). In contrast, at /j, = /.to + 2A, |g M0 +2A| 2 is increased (decreased) 
for slow (fast) response, in comparison to the unobserved case. This feature corresponds to Fig. irHT b). 



5.3.3 Renormalized FGR decay rate 

We can explain the above numerical results in terms of the renormalization of the form factor, which was 
discussed in Sec. 15.21 Using Eqs. (f[4"|l . (|5*TJl . (|187|l and (|192|l . we obtain the renormalized form factor as 

^ "27r( M - A , ) 2 + (A + (2r r )-i)2' ^ 

which is, again, a Lorentzian centered at /1 = fiQ. As a result of the continuous measurement, the width 
of the form factor is broadened as A — ► A + (2r r )~ 1 , satisfying the following sum rule; 

M^\ 2 = -Y- (201) 

The renormalized form factor is plotted in Fig. El Applying the Fermi golden rule to Eq. (|188JI . the 
atomic decay rate is calculated as 34 

T(r r ) = 2n\gn\ 2 = 7 - . (202) 

(S2 - /io) + (A + (2r r ) L Y 

It is confirmed from Fig. 1181 that the FGR decay rate agrees well with the rigorous numerical results. 

In order to clarify the effect of measurement, the decay rate under the continuous measurement is 
normalized by the unobserved decay rate r(oo) in Fig. 1201 It is given by 



r(r r ) _ A + (2r r )- 1 (g - Mo ) 2 + A 2 

r(oo) A (fi- M0 ) 2 + (A + (2r r )- 1 ) 2 ' 



(203) 



33 The initial behavior of survival probability is given by s(t) = 1 — ({H 2 ) — (H) 2 )t 2 , where {■ ■ ■ ) = (i| ■ ■ ■ |i) and H is the 

1) 



enlarged Hamiltonian for S+A, given by Eq. IT7S1 . However, (H 2 ) - (H) 2 = (H^) - (H s ) 



(Hi n t + Ha) play no role in determining the initial behavior of s(t). 
3 One can also derive Eq. 12021 . combining Eq. ED, IT93V and ltl94t . 
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Figure 20: Dependence of the normalized decay rate r(r r )/r(oo) on the response time r r of detector, 
which is given by Eq. (|203() . The parameters are the same as Fig. |5| A = 2O7 (tj = 0.057 -1 ) and 
the values of |fi — )j,q\ are indicated in Figure. For \Q — /hq| = 2A, the decay rate is maximized when 
r r = O.O257- 1 . 



This quantity for the case of repeated instantaneous ideal measurements has been calculated in Fig. [5| 
By comparing Figs. I§1 and 1201 we find that the results for the two cases agree semi-quantitatively with 
each other if we identify the measurement intervals r\ of Fig. [5] with the response time t t of Fig. [501 as 
Tj ~ 2.64r r . (However, complete quantitative agreement is not attained: For example, the peak values 
of the decay rate for |/io — fi| = 2A (broken line) are different between Figs. 101 and 1201) Furthermore, 
Eq. I|203|) indicates that the Zeno effect becomes significant when (2r r ) _1 > A, i.e., 

T r <A- 1 =t h (204) 

which is certainly confirmed in Fig. 1181 A similar condition, Eq. Q80[l. has been obtained also for repeated 
instantaneous ideal measurements by the conventional theory. 

The above observations demonstrate that, in an idealized case where every photon is detected with 
the same response time (flat response), repeated instantaneous ideal measurements and a continuous 
measurement give similar results for the Zeno effect. 



5.3.4 QZE AZE phase diagram 

By analyzing Eq. I|203ll as a function of \ fl — and r r , a 'phase diagram' discriminating the QZE and 
AZE is generated, which is shown in Fig. 1211 The 'phase boundary' (solid curve) is given by 

Tr(b) = 2[(f»- M o) 2 -A 2 ]' (205) 

on which the decay rate is not altered from the free rate, i.e., r(r r ) = r(oo). The decay rate takes the 
maximum value, 

1 (00) 2A\il — fj, \ 
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T r /tj 

Figure 21: The phase diagram for the QZE and the AZE, for a case of Lorentzian form factor and a 
continuous measurement with flat response. The solid curve divides the QZE region and the AZE region. 
The dotted line shows the value of r r at which the decay rate is maximized for each value of |Q — /xo|- 



on the dotted line, which is given by 



^ = 2(|n -,!„,- a, - < 207 » 



When the atomic transition energy is close to the center of the form factor (|f2 — < A), only the QZE 
is observed. However, in the opposite case (|f2 — /io\ > A), the AZE is observed dominantly except for 
an extremely small response time. In this respect, one may say that the AZE is more widely expected 
than the QZE It should be remarked that Fig. [2] agrees semi-quantitatively with Fig. which is 
the phase diagram for repeated instantaneous ideal measurements. 



5.4 Geometrically imperfect measurement 

In the previous section, we have discussed the Zeno effect under an continuous measurement with flat 
response, in which all photons are detected with the same response time. In the following subsections, 
we discuss more realistic measurement processes, in which the response time may be different among 
different photon modes. 

As an example of such realistic measurements, we consider in this subsection a geometrically imperfect 
measurement |85| . in which the detector is inactive to photons in some modes because of a geometric 
condition. For example, suppose that the photoabsorptive medium composing the detector is sensitive 
only to the x-component of the electric field. Then, the photon-detector interaction becomes proportional 
to efcA -e x , where ek\ is the polarization vector, which is perpendicular to fe, and e x = (1, 0, 0). Therefore, 
such a detector is inactive to photons whose wavevector fc is oriented in the x direction, for example. 

To discuss essential points of the geometrically imperfect measurements, we here consider a simplified 
example, in which the detector has an active solid angle V and an inactive solid angle T> around the atom, 
as illustrated in Fig.|52] We assume that the detector can catch an emitted photon with a unique response 
time T r when the wavevector of the photon is oriented inside of T>; otherwise, the detector misses the 
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Figure 24: Illustration of an energetically imperfect measurement. The gray spike represents the energy 
spectrum of an emitted photon, which is defined by I(u>) = linit—voo J dk5(e k — w)|(0|fefce _lffs V+|0)| 2 . 
The detector is sensitive only to photons within the active detection band, which spans (£1 — Ad , Q + Ad) . 
In the model of Sees. 15.51 and 15.61 where Eq. l|215[l is assumed, I(u>) becomes proportional to the dressed 
atomic Green function A(uS), which is given by Eq. I|48l) . 



photon. Thus, we put 

■* = {o \uJy (208) 

As for the atom-photon coupling, we assume the Lorentzian form factor again and take the following 
form: 

dk\g k \H(e k - f ,) = (1 ~ £ooh f 2 ^, (209) 

kev 2vr A- + (fx - ^ Q y 

dk\g k \*5(e k -(j,) = ^ A? ; f rj. (210) 



ket> 2vr A 2 + (jj, - /j, 

The newly introduced parameter e m represents the probability that the emitted photon is lost without 
being detected. For example, if spontaneous emission occurs spherically symmetrically (i.e., g k is inde- 
pendent of the direction of fc), and if the detector is sensitive only to the x-component of the electric 
field, then e m = 1/3. In general cases such as the case of the dipole radiation, also depends on the 
direction of the transition dipole of the atom. 

The temporal behaviors of sit), e(t) and r(t) are plotted in Fig. [23 Contrarily to the case of flat 
response, which is plotted in Fig. 1171 e(t) — > (j^ 0) and r(t) — > 1 — (^ 1) even in the limit of 
t -> oo. Using Eqs. lflUT|) . fT57f> . P09jl . lf2"TU|) and P05)l . we can calculate the decay rate as 

r(r r ,Eoo) = (1- £00)777^ A [f^f TT75 ' wn 2 + £ °°^7Fi ^2 _l a2 ( 2U ) 

(S2 - /i ) 2 + (A + (2r r ) x ) 2 (S2-/i ) 2 + A^ 

= £ 00 rM + (i- £oo )r(r r ). (212) 

Here, r(oo) is the free decay rate and r(r r ) is the decay rate under continuous measurement with flat 
response, Eq. I|2U2|) . Thus, the decay rate is simply given by these mixture under geometrically imperfect 
measurement. It is therefore clear that if ~ 1 then the decay rate in this case differs much from that 
under repeated instantaneous ideal measurements. Although this result may sound rather trivial, more 
surprising examples will be presented in the following subsections. 

5.5 Quantum Zeno effect by energetically imperfect measurement 

Actual materials composing photodetectors are sensitive only to photons within a restricted energy range, 
which is the source of another kind of imperfectness of measurement. Thus, we are led to consider 
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energetically imperfect measurement |24j . where, as illustrated in Fig. 1241 the range of the measurement 
of photons by the photodetector does not cover all the energy range of a photon. In other words, the 
photodetector has a finite detection band. To simplify the discussion, we consider the case where the 
detector responds with an identical response time r r to a photon if its energy e& falls in the detection 
band as \ek — fi| < A<j, whereas it does not respond to photons outside of this detection band. Thus, we 
take the following form for the photon-detector coupling: 

(rr 1 (|e fe -fi|<A d ), 
Vk = T]c k = < . . (213) 

10 (otherwise). 

It is of note that when r\ k depends only on the photonic energy, namely, r/k — i] eh , the formula 
Eq. Ijl87|l for the renormalized form factor is recast into the following simplified form: 

1 2 f i |2 W 27r 



i^=/^i v„_ iW2 r (214) 



5.5.1 A model for an exact exponential decay 

As for the atom-photon coupling, we treat a special case where the unobserved form factor is given by a 
constant function: 

\g^\ 2 = J dk\g k \ 2 5{ t i-e k ) = ^ (215) 

which is the A — > oo limit of a Lorentzian form factor. One reason why we have employed this form factor 
is that we expect that the qualitative results will not be much different for other cases if the unobserved 
form factor has a finite A. Another reason, which is more important, is that the above model extracts 
most clearly a drastic feature of the Zeno effect under energetically imperfect measurement. To see this, 
we note the following points peculiar to the above form factor: (i) The survival probability exactly follows 
the exponential decay law as s(t) — exp(-jt), i.e., the jump time tj (= A -1 ) is zero (see Sec. I2.6|) . (ii) 
The conventional theory therefore predicts that the system undergoes neither the QZE nor the AZE 
(see Sec. I3.3[) . (iii) Neither effect can be induced in this system by a continuous measurement with flat 
response, which is proven to yield equivalent results to the conventional theory (see Sec. 15. 3. T|) . However, 
we will show in the following part of this subsection that the QZE can be induced when the measurement 
is energetically imperfect. 



5.5.2 Numerical results 

First we present the numerical results based on the Green function method. Using the fact that the line- 
shape of emitted photons is an exact Lorentzian with width 7/2, the probability of obtaining the detector 
response is naively expected to be r(oo) = (2/tt) arctan(2Ad/7). Therefore, significant measurement er- 
ror will result when the detection bandwidth Ad is small as Ad < 7. In Fig. [23 temporal behaviors 
of 1 — s(t), e(t) and r(t) are plotted, for a case of narrow detection band (Ad = 27). The probability 
of photodetection is in good agreement with naive estimation, r(oo) = (2/tt) arctan(2Ad/7) = 0.84. By 
looking at the decay probability 1 — s(t), it is observed that the decay is slightly suppressed for t > 7 _1 . 

The change of the decay rate is more emphasized in Fig. |2H| where temporal evolution of T(t) — 
— \ns(t)/t is plotted for three different values of Ad and r r . It should be recalled that T(t) reduces to 
a constant function (= 7) when the atom is not measured. This feature is contrary to the models with 
a finite jump time, where T always approaches zero as t — > as a result of quadratic decrease of s(t) 
(see, e.g., Fig.JTJ. We find the following two-stage behavior of T(t) in Fig.|2U Initially, the decay rate is 
identical to the unobserved rate 7, whereas the decay proceeds with a suppressed rate in the later stage. 
For example, when Ad = IO7 and r r = 0.057 -1 (solid line in Fig. I26fl . the decay rate changes from 7 to 
O.57 at t ~ O.Ty -1 . Since the atom is kept almost undecayed at the crossover time [s(t ~ 0.l7 _1 ) ~ 0.9], 
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Figure 26: Temporal evolution of T(t). {Ad, r r } are chosen at {IO7, 0. 057 1 } (solid line), {27, 0.257 1 } 
(broken line) and {107,7 -1 } (dotted line). 
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Figure 27: Renormalization of form factor. The original form factor without measurement, which 
corresponds to r r — > oo limit, is a constant function (thin broken line). The renormalized form factors 
are plotted for r r Ad = 0.5 (solid line) and r r Ad = 10 (broken line). 



significant decay occurs in the second stage with a suppressed rate. Thus, the QZE is surely taking place 
for the exponentially decaying system. 

5.5.3 Conditions for QZE 

Here, we explore the underlying mechanisms of the two-stage behavior of decay rate, and clarify the 
condition for inducing the QZE. Using Eqs. (|213Jl . I|214(l and l|215[) . the renormalized form factor is 



where 9{x) is a step function. The renormalized form factor is plotted in Fig. 1271 for three different 
values of T r A d . The form factor is modified locally around the band edge in case of large r r Ad, whereas 
global modification occurs for small r r Ad. \g~i_i\ 2 approaches the unobserved value r y/2n in the limit of 
l/z — fi| — > oo, regardless of r r Ad- Considering that the value of the form factor at [i = is given by 
\gn\ 2 = il/ 71 ' 2 ) arctan(2r r A d ), we obtain the condition for significant decrease of the form factor at [i = Q 
as 



The two-stage behavior can be understood with a help of the perturbation theory in g. Applying the 
lowest-order perturbation to the renormalized Hamiltonian Eq. (|188f) . we obtain the decay probability as 



calculated as 




r r A d < 1. 



(218) 
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Figure 28: Illustration of the false measurement. The detector is insensitive to photons within the 
inactive detection band, which spans (Q — Ad, SI + Ad). 



Taking into account that the main contribution in the integral comes from the region of /i satisfying 
/i — 0| < 2nt~ 1 , we evaluate the right-hand side in two limiting cases: In the case of t <C Aj 1 , |<7 M | 2 can 
be approximated by |<?oo| 2 = 7/27T, which coincides with the free decay rate 1 — s(t) = jt; whereas in 
the opposite case of t 3> Aj 1 , {g^l 2 can be approximated by \gn\ 2 , which gives the suppressed decay rate 
1 — s(t) = 27r|go| 2 t. Thus, the decay rate changes from the free rate to the suppressed rate at t ~ A^ 1 . 
We can confirm that this statement agrees with the results in Fig. 1261 

Now the conditions for inducing the QZE in exponentially decaying systems are clarified: (i) The 
decay rate in the second stage should be significantly suppressed from the free decay rate. This condition 
is expressed by inequality (|218|l . (ii) The transition from the first to the second stage should occur before 
the atom decays. Since the survival probability at the crossover time (t ~ A^ 1 ) is roughly given by 
s(Aj 1 ) ~ exp(— 7/Ad), this condition is expressed as exp(— 7/Ad) — 1, i.e., 

7 < A d , (220) 

which means that the detection band should completely cover the radiative linewidth of the atom. Note 
that if the detection bandwidth is not so large (Ad ~ 7) the partial quantum Zeno effect takes place, 
where suppression of decay starts during the decay (at t ~ 7~ 1 ). The behavior of s(t) in Fig. 1231 serves 
as an example of the partial QZE. 

To summarize this subsection, when the detector has a finite detection bandwidth the QZE can be 
induced even in a system which exactly follows the exponential decay law. The conditions for inducing 
the QZE on the response time and the bandwidth are given by inequalities (|218|l and (|220J) . respectively. 
One might immediately notice that these results seemingly contradict with the well-known wisdom on 
the QZE, which states that neither the QZE nor the AZE takes place in exactly exponentially decaying 
systems, as has been shown in Sec. 13.31 This point will be discussed in Sec. 15.7.11 

5.6 Quantum anti-Zeno effect by false measurement 

In Sec. 15.51 we have observed that the QZE can be induced even in systems which exactly follows the 
exponential decay law, when the measurement is energetically imperfect. There, the detector was assumed 
to be active only for photons close to the atomic transition energy, as shown in Fig. |21 In this section, 
we consider the opposite situation, where the active band of the detector does not match the energy of a 
photon emitted from the atom, as illustrated in Fig. [521 2^3- To study this case, we assume the following 
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Figure 29: Temporal evolutions of 1 — s(t) and r(t). The dotted and solid lines show the results for 
T r = 7 _1 (slow detector response) and r r = (3O7) -1 (fast detector response). The inactive bandwidth Ad 
is IO7. The thin broken line shows the decay probability for unobserved case, where 1 — s(t) = 1 — e ft . 



form for 77*-: 



(|e fc -fi| > A d ) 
(otherwise) 



(221) 



A photon which has the atomic transition energy £1 cannot be detected by such an detector. We here 
refer to such measurements as false measurements. In most of previous discussions on the Zeno effects, 
it was assumed that measuring apparatus can detect the decay with a high efficiency, because the Zeno 
effect is supposed to appear only weakly if measurements on the target system are ineffective, as has been 
confirmed in Sec. 15.41 for the case of continuous measurement with flat response. However, we will show 
that the Zeno effect can take place even under false measurements. 



5.6.1 Natural linewidth 

As for the atom-photon coupling, we again employ Eq. I)215[l . by which the atomic decay follows an exact 
exponential decay law. The spectrum of the emitted photon therefore becomes a Lorentzian centered 
around the atomic transition energy O with width 7, as illustrated in Fig. 1281 

If 7 were larger than Ad, then the probability that an emitting photon is detected would become 
large. However, we consider the opposite case where 7 <C Ad, for which the detection efficiency would be 
expected to be very small. When Ad = IO7, for example, we can estimate, noting that the lineshape is an 
exact Lorentzian, the fraction of photons emitted in the active band as 1 — (2/tt) arctan(2Ad/7) — 3.2%. 
Therefore, it is naively expected that almost no photons would be counted by the detector and that such 
a false measurement would not affect the decay dynamics of the atom significantly. We will show that 
this naive expectation is wrong, by numerically solving the Schodinger equation in the next subsection. 
The conditions for inducing the Zeno effect will be described in Sec. 15.6.31 



5.6.2 Numerical results 

The temporal behaviors of 1— s(f) and r(t) are drawn in Fig. [23 where the inactive bandwidth Ad (= IO7) 
is much larger than 7, and the false measurement is realized. When the detector response is slow 
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Figure 30: Temporal evolution of T(t), where Ad = IO7, and r T = 7 _1 (dotted line) and (3O7) -1 (solid 
line). The system decays with the unobserved decay rate 7 for t < Aj 1 , and with the enhanced decay 
rate 27r|t/ n | 2 for t > A" 1 . 



(r r = 7 _1 , dotted lines in Fig. I29f) . the decay probability is almost unchanged from that of the unobserved 
case, i.e., 1 — s(t) ~ 1 — e~ 7 *. In this case, although a photon is emitted upon decay, detection of the 
emitted photon is almost unsuccessful, i.e., r(t) ~ 0. Such behaviors of 1 — s(t) and r(t) agree with the 
above naive expectation on false measurements. 

However, when the detector response is fast (r r = (3O7) -1 , solid lines in Fig. I29fl . we find that the 
detection probability of the emitted photon becomes surprisingly large (~ 40%). Furthermore, the decay 
is significantly promoted, which is nothing but the AZE. In Fig. |30l r(t) = — lns(<)/< is plotted to 
visualize the decay rate. The figure clarifies that the decay rate changes from the unobserved rate 7 to 
the enhanced rate 7 (~ I.67) at t ~ O.I7 -1 . Because the atom is kept almost excited at that moment, 
it decays with the enhanced rate. This result would be quite unexpected, considering that the energy 
of the emitted photon lies almost completely in the inactive band of the detector and therefore that the 
detector seemingly cannot touch the target system. 

5.6.3 Conditions for AZE 

The unexpected results shown in Sec. 15. 6. "21 can be understood in terms of the renormalized form factor. 
It is given by 

l^l 2 = [tt + 7r6»(A d - |m - ^|) + arctan(2r r (/i - fl - A d )) - arctan(2r r (/i -fl + Ad))] , (222) 

which is plotted in Fig. |^ Contrary to Fig. [57| the form factor is increased at the atomic transition 
energy, fi = £1. In case of false measurements, the form factor is always increased inside the inactive 
band, which implies that false measurements always result in the enhancement of decay (the AZE). 35 

35 When rjfc. depends only on the photonic energy as ryj. = r\ ek and the detector has an inactive band /, the decay rate 
Eq. 11911 is recast into the following form: 

r = 27r|9n| 2 =/ d^|^| 2 — ^ + 2tt [ du,\ 9LJ \ 2 5(n-iv), (223) 

where |(?u| 2 is the original form factor [not restricted to the flat ones, Eq. 12151 1. In case of false measurements where SI £ /, 
the second term gives the unobserved decay rate, 27r|gQ| 2 . Because the first term is positive, V > 27t|<7q| 2 in general. 
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Figure 31: Plot of the renormalizcd form factor {g^l 2 under the measurement, for r r Ad = oo (thin broken 
line), 10 (dotted line), and 1/3 (solid line). 



Following Sec. 15.5.31 the conditions for inducing the AZE is summarized as follows: (i) The decay 
rate in the second stage 7 should be significantly enhanced from the free decay rate. This condition is 
expressed by the following inequality: 

r r A d < 1, (224) 



because 7 is given by 



7 = 2ir\g n \ 2 = 7 [2 - 2tt~ 1 arctan(2r r A d )]. 



(225) 



(ii) The transition from the first to the second stage should occur before the atom decays. This condition 
is expressed as 

7 < A d , (226) 



which means that the probability of detecting a photon is naively expected to be very small. 

The former condition can be understood intuitively as follows: The lifetime of a virtually emitted 
photon in the active band is estimated by 5t ~ (SE)^ 1 ~ Aj 1 , using the uncertainty principle. The 
anti-Zeno effect takes place if the detector response r r is quick enough to fix a virtual photon, which is 
accomplished by r r < Aj 1 . 



5.7 Discussions 

5.7.1 Relation to conventional theories 

We have observed that the QZE or AZE can be induced even in exactly exponentially decaying systems, 
for which ij = 0, if the measurement is energetically imperfect. This fact seemingly contradicts with the 
conventional theories, which state that neither the QZE nor the AZE can be induced in such systems. 
However, it should be stressed that this conventional wisdom was proved only for repeated instantaneous 
ideal measurements. Therefore, the relation of the present theory to the conventional theories can be 
seen by taking the limits of flat response, 36 as we have done in Sec. 15.31 as follows. 

36 The fiat response is one of necessary conditions for reducing to repeated instantaneous ideal measurements. Therefore, 
it is sufficient for the present purpose to show that the Zeno effect disappears for the fiat response. 
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Regarding the case of Sec. 15.51 the limit of flat response is obtained by taking Ad — » oo. Then, 
inequality l|218|) can never be satisfied by a finite r r for exponentially decaying systems, and the QZE 
does not take place. Similarly, regarding the case of Sec. 15.61 the flat response is obtained by putting 
A d -> 0. Then, inequality QSHfy can never be satisfied for exponentially decaying systems, and the AZE 
does not take place. We have thus obtained the conventional wisdom from the present formalism by 
taking the limit of flat response, ft is therefore seen that the present theory serves as an extension of the 
conventional theories to realistic situations, where the detection range of the detector is always finite. 

5.7.2 Physical interpretation 

In Secs. l5.5l and l5.6l the following two opposite effects of measurement has been revealed: (a) Measurement 
on photons which are close to the atomic transition energy f2 tends to suppress the decay of the atom, 
(b) Measurement on photons which are far from f2 tends to accelerate the decay of the atom. When the 
detector is active for all photons, these two opposite effects appear simultaneously and weaken each other. 
This is the reason why a 'worse' detector which possesses a finite inactive band is more advantageous 
in inducing the QZE or AZE than a 'better' detector which is sensitive to all photons. Particularly, 
when the unobserved form factor is a constant function (in other words, the system decays with an 
exact exponential decay law), the two opposite effects cancels out completely; the form factor suffers no 
modification at all, no matter how short r r would be. This cancellation mechanism can be understood 
with a help of Fig. although every photonic mode is energetically broadened as a counteraction of 
measurement, such individual broadenings are perfectly smeared out by the fc-integration in Eq. I|I87|) . 
and are not reflected in the renormalized form factor. 

In general systems with a nonzero jump time, however, effects (a) and (b) are not completely canceled 
out even in the case of the flat response. For example, in case of a Lorentzian form factor with finite 
A, the system suffers the QZE or AZE by a continuous measurement with flat response, as discussed in 
Sec. 15.31 There, it was observed that the QZE (AZE) dominantly takes place when the atomic transition 
energy is close to (far from) the central energy {j,q of the form factor. This fact can also be understood 
in terms of the competition between effects (a) and (b): When £1 and /j,o is close, effect (a) dominates 
effect (b), resulting in the QZE; when and /zo is far apart, effect (b) dominates effect (a), resulting in 
the AZE. 

5.7.3 Discussions and remarks on the model 

In this section, we have analyzed the Zeno effect using a specific model, Eqs. (|I65[) - I|I67[) . We expect 
that the results based on this model would cover most of essential elements of the Zeno effect. For 
example, although the model assumes an indirect measurement we have shown in Sec. 15.1 ."31 that direct 
measurements are included as a special case of this model. However, the following points are worth 
mentioning about the model. 

Firstly, the model is linear, i.e., Eqs. (|I65|I - HI67() are bilinear in the creation and annihilation operators. 
Although this seems to be a good approximation to an effective Hamiltonian for photon-counting mea- 
surements by standard photodetectors, the model cannot describe other experimental setups, of course. 
For other experimental setups, the quantitative results of this section would become much different, 
although we think that the qualitative results would be similar. 

Secondly, we have computed the response time and the measurement error as relevant parameters 
characterizing measurements. As discussed in Sec. l4.5.fl they are actually the lower limits of the response 
time and measurement error, respectively, within the model of Eqs. (|I65|I - HI67(I . because additional delay 
and/or measurement error can take place in subsequent processes such as the signal magnification process 
in a photodetector. Although the performance of actual measuring devices would be worse, the limiting 
values are most important in discussing fundamental physics, as emphasized in Sec. 14.5. fl 
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Thirdly, we have assumed that the detector signal is obtained from the average population, which 
is given by Eq. I|176|) . of the elementary excitations. This may be detected by subsequent magnifying 
processes through, say, avalanche processes. Note however that Eqs. (|165|I - H167|I do not exclude the 
possibility of other methods of getting the detector signal. For example, the signal may be obtained 
from the off-diagonal elements f^i^fk'Lj' {t), where fk^(t) is defined in Eq. I|173|) . What method is used 
is not uniquely determined by Eqs. I|165|) - (|167[) . which describe the dynamics of the systems inside the 
Heisenberg cut fSec. lHOl) . To det ermine the full experimental setup, we must also specify the systems 
outside the Heisenberg cut. Among many methods of getting the signal using Eqs. (|165|l - l|167|) . we have 
assumed that the detection of the average population would be the most efficient method, thus giving the 
fastest response. Since we are interested in the lower limit of the response time as discussed in Sec. 14.5.11 
the calculation of the average population suffices for our purpose. 

Finally, our model assumes a homogeneous photoabsorptive media for the photodetector. The case 
where the photodetector is separated spatially from the atom will be discussed in Sec. 16.41 

6 Relation to cavity quantum electrodynamics 

6.1 Relation between the Zeno effect and other phenomena 

If one is interested in the Zeno effect in the broad sense fSec. l4.5!4l . only the decay rate will be relevant, 
whereas quantities characterizing measurements, such as the measurement error and the amount of infor- 
mation obtained by measurement, would be irrelevant. In such a case, any change of the decay rate of the 
target system, which is induced by interaction with external systems, could be called a Zeno effect even 
when no information can be obtained by the interaction process. Therefore, the Zeno effect in the broad 
sense is not necessarily connected with measurements (as discussed in Sec. I4.5.4jl . and, consequently, is 
closely related to various phenomena in many different fields of physics [2S1 [23 EH] ■ 

Such phenomena include, for example, (i) the motional narrowing |671 1861 187| . in which the width 
of an excitation in a solid is reduced by perturbations from external noises or environments, (ii) Raman 
scattering processes [SHI EH > m which the transition rate between atomic levels is modulated by external 
fields of photons or phonons, and (iii) the cavity quantum electrodynamics (abbreviated as the cavity 
QED) |451 1901 I91j . in which electrodynamics is modified by the presence of optical cavities. These 
phenomena can be considered as examples of the Zeno effect in the broad sense, and vice versa. 

Regarding the models of continuous measurements which are employed in Sec. El in particular, the 
physical configurations are quite similar to those of the cavity QED. In fact, in Sec. El we have studied 
effects of photon-counting measurements on the decay dynamics of an excited atom, assuming that the 
photon-counting measurement is accomplished by the interaction between photons and photoabsorptive 
media. Therefore, if we focus only on the decay dynamics of the atom it can be simply said that we have 
studied effects of the photoabsorptive media surrounding the atom on the decay rate. This is a subject 
of the cavity QED. Because of this similarity, we discuss in this section the relation between the cavity 
QED and the results of Sec. El 

6.2 Modification of form factor in cavity QED 

In discussions of the cavity QED, the optical media surrounding an atom are usually treated as passive 
media. That is, the dynamics of (elementary excitations in) the optical media is usually disregarded. This 
should be contrasted with the discussions in Sec. El where microscopic dynamics of the photoabsorptive 
media plays an important role as the readout of the measuring apparatus. If we focus only on the 
dynamics of the atom, however, both the cavity QED and the Zeno effect can be understood from a 
unified viewpoint, using the form factor of the atom-photon interaction. To see this, note that the form 
factor is sensitive to the optical environment. For example, the form factor has a continuous spectrum 
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when the atom is in the free space (see Sec. I2.3."2|) . However, when the atom is surrounded by mirrors, 
the eigenmodes are discretized and the form factor becomes a line spectrum (see Sec. 12.3. 3"|) . The decay 
dynamics is affected by the optical environment through the modification of the form factor. This explains 
the cavity QED, as well as the Zeno effect in the broad sense. 

In the discussions of the cavity QED, the optical environment is treated as a passive media, which is 
characterized by the dielectric constant e(r). It may depend on the space coordinate r because the optical 
environment is spatially inhomogeneous in general. Since e(r) takes complex values, its effects on the 
form factor may be classified into two: One is the effect of the real part, which results in reconstruction of 
optical eigenmodes, and the other is the effect of the imaginary part, which induces energetic broadening 
of optical eigenmodes. We will explain them in the following subsections. 

6.2.1 Reconstruction of eigenmodes 

Suppose a situation where non-absorptive optical media is distributed in space |92| . Non-absorptive 
optical media are characterized by real dielectric constants. The Maxwell equation for the electric field 
is given by 

V x V x E(r, t) = - E (r)^E(r, t), (227) 

where e(r) is a real function, representing the spatial distribution of dielectric constant. Then, a set of 
eigenmode functions fj (r) and eigenfrcquencies ej, where j is an index of eigenmodes, are obtained as the 
stationary solutions of the Maxwell equations. When the atom is placed at r, the atom-photon coupling 
constant is given by Eq. 119fl . Thus, the eigenenergies tj of the photon modes are dependent on the 
spatial distribution e(r) of the dielectric constant; the atom-photon coupling constant g.j is dependent 
also on the atomic position r, in addition to s(r). It should be remarked that, when the optical media 
is spatially homogeneous, the eigenmode functions are given by plane waves. Then, r-dependence of 
gj appears only in the phase of gj and the magnitude \gj\ 2 is independent of r, so the atomic decay 
takes place independently of its position. However, in general, \gj\ 2 depends on the atomic position when 
optical media are distributed inhomogeneously in space; as a result, the dynamics of the atom becomes 
strongly sensitive to the atomic position r. 
The form factor, which is given by 

lff/.| 2 = Elflil a *fo-M), (228) 

3 

is modified through ej and gj . Modification of the form factor by reconstruction of eigenmodes is illus- 
trated in Fig. I32f a). The contribution of each photonic mode remains a delta function in this case, but 
the strength (l^ l 2 ) and position (ey) of a delta function is modified. 

Two representative examples of this type of modification of the form factor are as follows: (i) Only 
the atomic position r is changed, keeping the spatial distribution e(r) unchanged. Then, the positions of 
the delta functions (e^) are unchanged, but the strength (|<7j| 2 ) is changed, depending on the eigenmode 
function fj(r). (ii) When the size of a perfect cavity is increased, the eigenenergies are red-shifted. \gj\ 2 
shows a complicated behavior, depending on the relative position of the atom to the cavity as explained 
in (i). Generally, \gj\ 2 is decreased proportionally to the inverse of the cavity volume. 

6.2.2 Broadening of eigenenergies 

We now consider the case where absorption of photons by optical media is significant. In photoabsorptivc 
media, photons are converted within finite lifetimes to elementary excitations in the media, such as 
electron-hole pairs, excitons, etc. Therefore, in the presence of photoabsorptive media, eigenmodes of 
photons do not exist in a strict sense; they should be regarded as quasi-eigenmodes with finite lifetimes. 
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Figure 32: Two mechanisms for modification of a form factor in the cavity-QED: (a) reconstruction of 
eigenmodes, and (b) broadenings of eigenmodes. 



The situation is phenomenologically described by a complex eigenenergy of the mode, the imaginary part 
of which is inversely proportional to the lifetime of the mode. 

We have already observed an example of broadening of eigenenergies in Sec. in the context of the 
Zeno effect. The schematic view is given again in Fig. l32f b'). When there is no absorption of photons, the 
form factor is composed of delta functions, each of which represents the contribution of each eigenmodc. 
In the presence of a detector, which absorbs photons with finite lifetimes, a delta function is broadened 
to be a Lorentzian as in Eq. (|189J) . satisfying a sum rule, Eq. H190|) . 

It should be remarked that the broadening of a cavity mode was observed in Sec. 12.3.41 through 
the coupling between the cavity mode and external photon modes. The difference between the systems 
considered in Sees. 12. 3. 41 and 151 lies in the point that both the cavity mode (a) and external modes are 
of photonic origin in Sec. 12.3.41 whereas a photon mode is coupled to non-photon modes (elementary 
excitations in the detector, Cfe w ) in Sec. |3J In the system of Sec. 12.3.41 a diagonalized mode (B^) still 
represents a photonic eigenmode, which extends over the whole space, both inside and outside of the 
cavity. Actually, by solving the Maxwell equation treating the mirrors as an optical medium with real 
dielectric constants, one can obtain eigenmode functions for B^,. Thus, the broadening of a cavity mode 
observed in Sec. 12.3.41 should be classified as an example of reconstruction of eigenmodes, discussed in 
Sec. ECO 

6.3 Atom in a homogeneous absorptive medium 

In the previous subsection, two mechanisms for modification of the form factor in general cavity-QED 
systems are described. In most photoabsorptive materials, these two mechanisms usually appear simul- 
taneously. In order to see this point, we revisit the Hamiltonian for an atom embedded in a homogeneous 
photoabsorptive media, which was used in Sec. for discussion of the Zeno effect. Here, we consider a 
case without the flat-band assumption, Eq. (|17()(l . Following the same mathematics as Sec. 15.21 one can 
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confirm that the contribution of the photon k to the form factor is modified as follows: 



\gk\ 2 S(n - £fc) 



\9k\ 
2tt 



A* - e k 



dto- 



16^ I 2 



to — (j, — id 



(229) 
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The integral in the denominator of the RHS of Eq. 12291) becomes significant when \fi — 6k\ is small. We 
may therefore approximate this quantity roughly by 
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Using the above quantity, Eq. 



is transformed into a more transparent form: 



\gk\ 2 S(fi - e k ) -> |5fe| 2 
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|/i-(efc + Aefc)+"^/2| : 



(230) 

(231) 
(232) 
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Eqs . I|231|l and (|232|l reveal that asymmetry in the photon- medium coupling | £fc w | 2 about the photon energy 
efc results in a shift of the eigenfrequency, Aefc. Generally, the photon-medium coupling simultaneously 
induces both broadening and energy shift. 

In the discussion of the Zeno effect in Sec. 03 shifts of the eigenenergy are neglected by the flat-band 
assumption, Eq. I|170l) . and only the broadening effect is picked up. Under this approximation, fairly 
good agreement with the conventional theories of the Zeno effect has been achieved, as has been shown in 
Sec. 15.81 It would be important to point out that only the broadening effect is assumed in the conventional 
theory of the Zeno effect: by using the projection postulate to the atomic state, coherences between the 
undecayed (|a;)) and decayed (\g,k)) states are lost without shifting the energy of photons. In actual 
photon counting processes, eigenenergies of photons would be slightly shifted through the interaction 
with a detector, which also affect the atomic decay rate. 



6.4 Atom in an inhomogeneous absorptive medium 

In discussion of the Zeno effect in Sec. we have considered a situation in which an atom is embedded 
in a homogeneous absorptive material. However, in actual situations of photon counting, photodetectors 
composed of photoabsorptive material are spatially separated from the target atom, as illustrated in 
Fig. 1331 In the following two subsections, we discuss what would be expected for the decay rate when 
the detectors are spatially separated from the atom. We shall describe results of the cavity QED in 
subsection lfi.4. II and apply them to the Zeno effect in subsection lfi.4.21 



6.4.1 Cavity QED 

For simplicity, we consider the following situation here: The space is assumed to be one-dimensional, 
extended in the x-direction, and the photon field is treated as a scalar field. The optical materials are 
modeled by bulk absorptive dielectric materials occupying \x\ > 1/2, which has a complex dielectric 
constant e(u>) = [t](lj) + iK(u>)] 2 . 

First, we preliminarily consider a case where the medium is not absorptive and its dielectric constant 
is given by e(w) = rf in the relevant frequency region under consideration. In this case, as has been 
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Figure 33: Arrangement of the target atom and absorptive media composing detectors. The atom is 
located at x = X, whereas the absorptive media are placed in the regions x < —1/2 and x > 1/2. 



discussed in Sec. 16.2.11 photonic eigenmodes are reconstructed according to the following equation: 

d 2 d 2 

-o^ E = - s ^W E (234) 

which is a scalar field version of Eq. I|227|) . Reviving the light velocity c here, the eigenmodes at frequency 
oj are given by 

C C 
-im=^ cos77fcx + -=— L^sinTyfcM {\x\ > 1/2) 

f u ,+(x) = { V V (235) 
— cos kx (\x\ < 1/2) 

Vc 2 + c 2 

x Di D 2 

-, — r — - rnsTifcT-H - sin r/k/r (\x\>l/2) 

H NV] F (236) 

7wm s[nkx (N - //2) 

where k = lu/c, and the index ± represents the parity of the eigenmode. The coefficients, Ci, C 2 , D\ 
and Z?2, are given by 



d\ (cos{rjkl/2) -sm{rikl/2)\ ( cos(kl/2) 

C 2 ) ~ \sin{r]kl/2) cos(r]kl/2) ) \-rj- 1 sm{kl/2) 

DA _ fcos(r]kl/2) -sin(r)kl/2)\ ( sin(kl/2) \ 

D 2 ) \sva(rikl/2) cos(rjkl/2) ) yr]- 1 cos(fc//2)J 



(237) 
(238) 



As has been clarified in Sees. |2] and ]E\ the atomic decay rate can be well evaluated by the Fermi golden 
rule. The decay rate (normalized by the decay rate To in a free space) is given by 

T(X)/T = V - 1 ]T |/o,.(A)| 2 , (239) 

which is plotted in Fig.[!2]by a thin dotted line as a function of the atomic position X. It is observed that 
the atomic decay rate becomes strongly sensitive to the atomic position X, reflecting the spatial form 
of the eigenmodes at the atomic transition energy Q. In other words, the cavity effect appears strongly 
both in the vacuum region (\X\ < 1/2) and the medium region (\X\ > 1/2). 

Next, we proceed to discuss a case where the medium is absorptive (k ^ 0) and plays the role 
of a photodetector. In order to handle this case, the absorptive material is modeled by an assembly 
of harmonic oscillators, and the canonical quantization is performed for both the photon field and the 
material As the absorptivity n is increased, the effect of broadening of eigenmodes (Sec. I6.2.2fl 

becomes more significant. The position dependence of the decay rate is plotted in Fig. 1341 for weakly 
absorptive (k = 0.2, broken line) and strongly absorptive (k = 0.4, solid line) cases. It is observed that, 
when the atom is placed deeply inside of the material (|x — 1/2 3> A a /ft, where A a = 2irc/fl is the 
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Figure 34: Position dependence of the decay rate (normalized by the decay rate in free space). Only the 
X > region is plotted because T(X) is an even function. The length of the vacuum region is chosen at 
I = (9/8)A a , where A a = 2ttc/VL is the wavelength of the emitted photon. r\ = 1.5 and n = (thin dotted 
line), 0.2 (broken line), and 0.4 (solid line). 



wavelength of emitted photon), the cavity effect is completely smeared out and the decay rate becomes 
identical to that of an atom embedded in an homogeneous medium. In this case, the decay is solely 
determined by the nature of the material, as in Sec. 16.31 Contrarily, when the atom is placed in the 
vacuum region, the position dependence remains even when the material is strongly absorptive. Fig. 1341 
indicated that the decay rate in this case is basically determined by the eigenmodes for the non-absorptive 
case (k — 0). 

To summarize the results derived from the cavity QED, the decay rate would surely be affected by the 
presence of the optical materials even when they are placed separately from the atom (Fig. 133(1 . In this 
case, the physical origin of modification of the decay rate should mainly be attributed to reconstruction 
of eigenmodes, not to broadening of eigenmodes. In other words, the boundary effect would dominate. 
Although a one-dimensional case is considered here, the same qualitatively prediction would follow in the 
three-dimensional case also, if the optical materials well surround the atom to form an optical cavity. 

6.4.2 Zeno effect by detectors spatially separated from the target atom 

It is sometimes argued that the term 'Zeno effect' should be restricted to experiments where pieces of 
measuring apparatus exert a nonlocal negative-result effect on a microscopic system ^0]- We can discuss 
the Zeno effect in this restricted sense as follows, using the results of the cavity QED presented above 
and consideration about the causality. 

First of all, we must distinguish the following three cases. Let the distance between the atom and the 
detectors be 1/2, as shown in Fig. 021 Suppose that the detectors are placed at t = id, 37 and the atom is 
excited to an unstable state at t = 0. The three cases to be distinguished are: 

a) The detectors are placed long before the atom is excited, i.e., t& < and c|ta| 3> I, where c is the 
light velocity. 

b) The detectors are suddenly placed after the atom is excited, i.e., id > 0. 

37 Or, one can change the absorption spectrum of the detector materials, which was previously placed at t < t^, through, 
e.g., the electro-optical effect 1881 by applying an electric field at t = t d . 
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c) The detectors are placed long before the atom is excited, but are suddenly removed at t = t d after 
the atom is excited, i.e., < < t' d and c\t^\ 3> I. 

In case a), the calculations in Sec. 16.4. Il hold. except for a very short time scale (< I/O) for which the 
rotating- wave approximation employed in Eq. i|165[) may be wrong. Therefore, the results of Sec. 16. 4.11 are 
valid at least when ij > I/O. We thus conclude that the Zeno effect can take place in case a). Physically, 
this may be understood as follows. The materials composing the detectors modify the vacuum state of 
photons |90l I94| . Although the modification requires a finite time to complete, it is completed before the 
atom is excited. Therefore, the dynamics of the atom is affected by the modified photon vacuum |90II94| . 
i.e., by the presence of the detectors. 

In case b), on the other hand, the modification of the photon vacuum is not completed when the atom 
is excited. It is obvious from the causality that the dynamics of the atom is not affected during t < I /2c. 
Therefore, if the free decay rate 3> c/l, then the decay rate is not modified, i.e., the Zeno effect does not 
occur. If, on the other hand, the free decay rate < c/l, then the Zeno effect can take place. To analyze 
case b) in detail, one must take account of the dynamics of the photon field, as in Refs. IHSl [SHI - Note 
that, as shown there, photons will be emitted from the 'false vacuum' during the modification process of 
the photon vacuum. 

Case c) is in some sense a combination of cases a) and b) . The dynamics of the atom is affected by 
the detector materials during t < t' d + l/2c. Therefore, the Zeno can take place if the modified decay rate 
> l/(t' d + I /2c). If, on the other hand, the modified decay rate <C l/(t' d + I /2c), then the observed decay 
rate will become the free decay rate. 

Although we believe these conclusions at the time of writing, more elaborate works may be necessary 
to draw more definite conclusions. A related discussion is given in Ref. |97| . 

7 Experimental studies on the Zeno effect 

In the preceding sections, we have discussed the Zeno effect, assuming the photodetection measurement 
on a radiatively decaying excited atom as a typical of quantum unstable states and measurements on 
them. However, it is difficult to confirm experimentally the Zeno effect in such a system for the following 
reasons: (i) The response time r r of the detector cannot be controlled easily, because it is determined by 
the material parameters, i.e., the interaction between photons and constituting materials of the detector, 
(ii) The jump time £j is small and therefore the decay dynamics is not easily perturbed by measurement. 
If we simply estimate, taking the positiveness of photon energies into account, the bandwidth of the form 
factor by A ~ O (transition frequency), tj is estimated at tj ~ O -1 ~ 10~ 15 s. 

It is generally believed that the jump time is very short in most of truly decaying states, whose form 
factors are energetically broad. Therefore, in most attempts at experimental confirmation of the Zeno 
effect, oscillating systems are selected as the target system [7o1 l9"81 l9"9l 11001 ITUT1 I102| . In such systems, 
the initial quadratic behavior lasts for a much longer time as compared with truly decaying states, and 
the Zeno effect is expected to be induced more easily. For this reason, experiments on the Zeno effect 
have been performed mainly for oscillating systems such as Rabi-oscillating atoms |261 1271 H03I I1U4I I1U5| . 
However, significance of the Zeno effect is obscured in oscillating systems, particularly when one considers 
long-time behaviors of the survival probability. 

Recently, there are several attempts to observe the Zeno effect in truly decaying states. Here we 
introduce two of them, both of which have long duration of deviation from the exponential law (i.e., large 
jump time, ij) and well devised measuring methods with high controllability of measurement intervals. 
One is the first observation of both effects in atomic tunneling phenomena £3, 106 . The other one is 
theoretical indication in the parametric down conversion processes |107l 11081 11091 fTTTT] . In addition to 
presenting them, we will also discuss in this section how to avoid the Zeno effect in general measurements, 
which are designed not to detect the Zeno effect but to measure the free decay rate accurately. 
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Figure 35: The shape of the washboard potential Eq. (|241H . under (a) small acceleration and (b) large 
acceleration. The bound state is almost isolated in (a), whereas, in (b), it may decay to unbounded 
modes extending in the negative x' region. 



7.1 Atomic tunneling phenomenon 

The experimental observation of the Zeno effect in truly unstable states is a difficult problem. Although 
the initial deviation from the exponential decay law is predicted in theory, the duration of this period 
is supposed to be extremely short and the deviation is undetectable in most unstable states. Recently, 
however, this deviation was successfully observed in tunneling phenomena of trapped atoms in an optical 
potential |51ITU5| . 

In their experiment, ultracold sodium atoms are trapped in standing wave of light, which serves as 
an optical potential. The optical potential is controllable in time and may be accelerated as follows: 



where k^ is the wavenumber of light and a is the acceleration. The trapped atoms are driven by this 
potential. In the moving frame fixed to the potential [x' = x — at 2 /2), the atoms suffer inertial force and 
the effective potential for the atoms becomes 



where m is the atomic mass. Thus, a tilted washboard potential can be obtained, which contains a 
controllable parameter a. 

The forms of the potential V(x') is drawn in Fig. |3U When the acceleration is small (a = atrans); 
high potential barriers are formed, as shown in Fig. I35f a). By adequate choice of Vq and atrans, Fischer 
et. al. have realized a situation where only the lowest state is bounded in each potential minimum. 
This bound state is almost isolated from other modes by high potential barriers around the minimum. 
Contrarily, under a large acceleration (a = atunnoi), the left (right) potential is lowered (heightened), as 
shown in Fig. 1351^ ). In this case, the bound state can couple through the left barrier to external modes, 
which extend semi-infinitely in the negative x' region and therefore constitute a continuum in energy. 
The bound state is no more stable and decays to unbound states with a finite lifetime. Thus, one may 
freely switch these two sorts of situations (isolated bound state and unstable bound state) by controlling 
the parameter a. 



V(x, t) = Vo cos(2fc L £ - k L at 2 ). 



(240) 



V(x') = V cos(2k L x') + max', 



(241) 
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Figure 36: The energy diagram of Hamiltonian 124211 . \n) — (n\) 1 {a\a\) n \Q) denotes the n photon pair 



The measurement of the survival probability is devised as follows, (i) As the initial state, the system 
is prepared in the potential of Fig. l3"5T al by taking a = a tlans for t < 0. (ii) For < t < itunnci, the atoms 
are accelerated strongly with a = a tU nnci and the effective potential is changed to that of Fig. I35f b) . In 
this period, tunneling to unbound states may take place, (hi) For <tunnoi < t < ttunnci + ^intern a is set to 
atrans again and bounded atoms are isolated. In this period, the bounded atoms are accelerated by the 
potential whereas the escaped atoms are not, resulting in separating the survived (bounded) atoms and 
decayed (unbounded) atoms in the velocity space, (iv) Finally, the optical potential is removed and the 
velocity distribution is measured, from which one can infer the survival probability s(itunnoi)- If iinterr 
is long enough to guarantee complete separation in the velocity space, this process serves as an ideal 
measurement of survival of the atoms. 

In this manner, the survival probability under free temporal evolution was successfully measured, 
and deviations from the exponential decay law was confirmed experimentally for the first time. The 
measured jump time is very long (tj ~ lOfis) in this system. Furthermore, by inserting several periods 
of small acceleration (in which the survival and decayed atoms are separated) into the tunneling period, 
they measured the survival probability under repeated measurements, and succeeded in confirming both 
the QZE and the AZE. 

However, it is worth mentioning that the measurement process through (iii) to (iv) is a sort of 
direct measurements, the Zcno effect by which is often criticized as not being the genuine Zeno effect, as 
discussed in Sec. 14.6. D In fact, the potential for the atoms is altered when the measurement is performed. 
Furthermore, the horizontal axes of Figs. 3-5 of the excellent experiment of Ref. jlOfij are not the real time 
t but t— (measuring times). More elaborate experiments, which are free from these points, are therefore 
desired to observe the Zeno effect more clearly. 

7.2 Parametric down conversion process 

In this subsection, we introduce a theoretical indication of the possibility of observing the Zeno effect in 
parametric down conversion process |107l 11081 11091 IllOj . Although actual experimental observation of 
the effects has not been reported in this system yet, this system is an interesting candidate for actual 
experiments, because the procedures for both continuous and discrete measurements are proposed in this 
system. 

In this process, a pump photon (frequency lo p ) spontaneously decays in a second-order nonlinear 
material into a pair of signal and idler photons (frequencies lo s and w;) satisfying the energy conservation 
law, Up = u> s + u>i. Using the semiclassical approximation for the pump field and switching to the 
interaction representation, the effective Hamiltonian for the signal and idler photons are given by 



state. 




(242) 
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where a s and ai are the annihilation operators for the signal and idler photons. A is determined by the 
phase mismatch, and g depends on the intensity of the pump beam and the second-order susceptibility of 
the material. Here, the space coordinate in the propagating direction is regarded as the time coordinate. 
Initially, there are no photons in the signal and idler modes, the quantum state of which is denoted by 
|0>. 

The instability of the vacuum state is understood by regarding Eq. (|242[1 as a tight-binding Hamil- 
tonian in the photon number space. Fig. 1361 shows the energy diagram of the Hamiltonian. \n) = 
{a\a\) n \Q) denotes a state with n photon pairs. The hopping energy between |n) and \n + 1) is 
given by (n + \)g, whereas there is an energy mismatch of A between neighboring sites. The energy 
diagram becomes similar to Fig. Q] after diagonalizing n > 1 states. When g ^> A, the eigenstates of the 
Hamiltonian are delocalized in the number space, and the initial state can decay to larger number states. 
Contrarily, when g <C A, the eigenstates are almost localized in each site. In such a case, the initial state 
cannot decay completely. Indeed, the survival probability is analytically given by 



»(*) = 



n -1 



cosh 2 (Vs 2 - A 2 /4 t) + — — sinh 2 ( Vg 2 - A 2 /4 t) 

4g z — A z 



(243) 



Therefore, the system becomes a truly decaying one when |A| is small enough to satisfy |A| < 2g. The 
jump time in this system is given, for A = 0, by 

t^g-\ (244) 

This means that the jump time may be controllable in terms of the pump intensity, which is a suitable 
nature for experimental observation of the Zeno effect. 

The decay products in this experiment are the down-converted photons. As for the measurement 
of them, two schemes, discrete and continuous, are proposed. First, we introduce the discrete type. To 
this end, one divides the nonlinear crystal into several pieces, and insert mirrors after each piece in order 
to remove the idler photon. By detecting the removed photon by a photodetector, one can perform a 
discrete photon number measurement for each piece of nonlinear crystals. The measurement intervals are 
determined by the length of each piece, so the control of the measurement intervals is flexibly done in this 
scheme. Or, if one is only interested in the Zeno effect in the broad sense (Sec. I4.5^|) . the photodetector 
for the removed photon is not necessary because the removed photon will soon become entangled with 
environmental mechanical degrees of freedom, which results in the decoherence between the states with 
no photon pair (survived state) and one photon pair (decayed state). This suffices for the modulation of 
the decay rate, as discussed generally in Sees. 14.5141 and IfTTl 

Next, we introduce a continuous type of measurement. In order to measure the photon number 
continuously, one let the idler mode interact with the meter mode b, which propagates in parallel with 
the idler mode, through the third-order nonlinearity. The Hamiltonian reads 

H = n + na\a^b. (245) 

The inference of the decayed moment is carried out as follows: If the meter mode travels with an idler 
photon for time t, the amplitude of the meter mode acquires a phase shift by cf> — nt. By measuring this 
phase shift, one may infer the decayed moment. As for the response time of this detecting device, the 
uncertainty in the inferred time of decay should be interpreted as the response time. Noticing that the 
uncertainty Atfi in the phase measurement is evaluated by (b^b)^ 1 , the response time r r is approximately 
given by 

Thus, the response time is revealed to be determined by the intensity of the meter mode, which is easily 
controllable. 
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7.3 Evasion of the Zeno effect in general experiments 

So far, we have discussed how to observe the Zeno effect. On the other hand, in general experiments, one 
usually wants to avoid the Zeno effect in order to get correct results |85l llllj . Considering recent rapid 
progress of experimental techniques and diversification of experimental objects, we expect that the QZE 
or AZE would slip in results of advanced experiments not designed to detect it. To avoid the Zeno effect, 
one must design the experimental setup to break at least one of the conditions for observing these effects 

m 

For example, when performing an experiment with a high time resolution such that r r < fj, then the 
results of Sec. 02] suggest that should be increased. If cannot be increased to keep the sensitivity 
of such a high-speed measurement, then one should adjust parameters in such a way that r r lies on the 
boundary between the QZE and AZE, i.e., on the solid line in Fig. |21 Or, alternatively, one should 
calibrate the observed value using our results, such as Eq. (|2U3|) . to obtain the free decay rate. Such 
consideration would become important to future experiments. 

8 Summary 

The quantum Zeno effect (QZE) and the quantum anti-Zeno effect (AZE), which are simply called the 
Zeno effect, have been clearly understood for the case of repeated instantaneous ideal measurements, for 
which one can take account of influence of the measurements simply by application of the projection 
postulate to the target system. However, real physical measurements are not instantaneous and ideal. 
Theories of the Zeno effect induced by such general measurements have been developed only recently. 
In this article, after reviewing the results of conventional theories, we have presented the results of such 
general theories of the Zeno effect. We have also reviewed briefly the quantum measurement theory, on 
which these general theories are based, as well as experimental studies on the Zeno effect on monotonically 
decaying states. 

In Sec. we have reviewed the quantum dynamics of an unstable state of an isolated system. The 
dynamics is completely determined by the form factor g^, defined by Eq. I|I4|1 . It is shown that the survival 
probability s(t) of the unstable state decreases quadratically with time at the beginning of decay, and 
later follows the exponential decay law, the rate of which is given by Eq. I|f 61) . Such an initial deviation 
from the exponential decay law plays a vital role in the Zeno effect. 

In Sec. 01 combining the projection postulate with the result for s(t) obtained in Sec. we have 
reproduced the results of the conventional theories for the Zeno effect by repeated instantaneous ideal 
measurements. The decay rate under the measurement is plotted as a function of the measurement 
intervals n in Fig. [!|] This figure demonstrates that repeated measurements does not necessarily result 
in suppression of decay: Depending on ri and the form factor g^, the opposite effect, i.e., acceleration of 
decay, may take place, which is called the AZE. 

These conclusions have been drawn under the assumptions that measurements are instantaneous and 
ideal. However, as discussed in Sec. 14.5.7)1 real measurements are not strictly instantaneous and ideal. To 
explore the Zeno effect by realistic measurement processes, we should apply the quantum measurement 
theory, which is briefly summarized in Sec. Its key observation is that not only the system S to be 
observed but also the measuring apparatus A should obey the laws of quantum theory. Therefore, one 
must analyze the time evolution of the joint quantum system S+A using the laws of quantum theory, 
as schematically shown in Figs. El and El The information about the observable Q to be measured 
is transferred to the readout observable R of A, through an interaction H mi between S and A. The 
measurement of Q is thus reduced to a measurement of R by another apparatus (or observer) A'. Actually, 
A' may be measured by a third apparatus A", and A" by A'", and so on. Such a sequence, as shown in 
Fig. [131 is called the von Neumann chain, the basic notions of which are summarized in Sec. 14.31 We have 
summarized the prescription for analyzing general measurements in Sec. 14.41 As explained in Sec. 14.51 
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properties of general measurements are characterized by the response time, measurement error, range 
of measurement, the amount / of information obtained by measurement, backaction of measurement, 
and so on. An interaction process between S and A can be called a measurement process only when / 
is large enough, at least I > 1. Although this point is crucial when discussing many problems about 
measurement, it is disregarded in discussions of the Zeno effect in the broad sense fSec. l4.5l4"|) . To discuss 
the Zeno effect, we have summarized in Sec. l4.6l more characterizations of measurements, including direct, 
indirect, positive-result, and negative-result. It is sometimes argued that the terms QZE and AZE should 
be restricted to effects induced by indirect and negative-result measurements. We have also explained 
repeated measurements, including repeated instantaneous measurements and continuous measurement. 
A simple explanation of the Zeno effect using the quantum measurement theory is given in Sec. 14.71 It 
is also shown that within the unitary approximation, which is explained in Sec. I4.6.H one does not have 
to use the projection postulate in the analysis of the Zeno effect. A few more points, which will help the 
reader, concerning the quantum measurement theory are described in Sec. 14.81 

In Sec. El we have analyzed the Zeno effect using the quantum measurement theory. We employ a 
model which describes a continuous indirect negative-result measurement of an unstable state fSec. 15 . lf> - 
A typical example described by this model is the continuous measurement of the decay of an excited 
atom using a photodetector, which detects a photon emitted by the atom upon decay. The measuring 
apparatus (photodetector) is modeled by bosonic continua coupled to photons, and the quantum dynamics 
is investigated for the enlarged system composed of the atom, photon and photodetector. In Sec. 15.21 
it is shown that the form factor is renormalized as a counteraction of the measurement, as illustrated 
in Fig. ^] The renormalized form factor determines whether the decay is suppressed (the QZE) or 
enhanced (the AZE). In Sec. IO we have applied this formalism to the case where the response of the 
detector is flat, i.e., the photodetector responds to every mode of photons with an identical response time. 
The decay rate is plotted as a function of the response time r r in Fig. [201 The results almost coincide with 
those of the conventional theories of Sec. El which assume repeated instantaneous ideal measurements, if 
we identify (apart from a multiplicative factor of order unity) the measurement intervals Ti of Fig. [5] with 
the response time r r of Fig. [23 In contrast, we show in Sees. 15.41 15.51 and 15.61 that drastic differences 
emerge if the response is not flat. The non-flat response may be interpreted as imperfectness in the 
measurement, such as geometrical imperfectness and energetic imperfectness. In Sec. 15.41 a geometrically 
imperfect measurement is discussed, where the photodetector does not cover the full solid angle around 
the atom. In this case, the Zeno effect takes place partially, the amount of which is proportional to 
1 — £oo, the asymptotic photodetection probability. In Sec. 15.51 an energetically imperfect measurement 
is discussed, where the photodetector responds to photons within a limited energy range Ad, called the 
active band. Surprisingly, when the detector is energetically imperfect, the Zeno effect can take place even 
for systems which follow the exact exponential decay law, which was believed never to undergo the Zeno 
effect according to the conventional theories. This fact serves as an counterexample to an intuition that 
imperfect measurements are disadvantageous for inducing the Zeno effect. In Sec. 15. 61 a false measurement 
is discussed, where the detector cannot detect a photon whose energy is close to the atomic transition 
energy f2, because the active band of the detector does not cover this energy. Interestingly, the AZE takes 
place even by such a false measurement if the detector response r r is quick enough. Relation between 
these results and the conventional theories are discussed in Sec. 15.7.11 and the physical interpretation in 
Sec. 15.7.21 Discussions and remarks on our model are described in Sec. 15.7.31 

In Sec. El relation between the Zeno effects and other phenomena, such as the motional narrowing, is 
discussed. In particular, we discuss the close relationship between the cavity quantum electrodynamics 
(QED) and the Zeno effect by a continuous indirect measurement. Using the results of the cavity QED, 
we also discuss in Sec. 16.41 the Zeno effect in the case where the detectors are spatially separated from 
the target atom. 

Finally, in Sec.0 we discuss experimental studies on the Zeno effect. In most attempts at experimental 
confirmation of the QZE, oscillating states were selected as the unstable states. However, significance of 
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the Zeno effect is obscured in oscillating systems. We have introduced two attempts to observe the Zeno 
effect in truly decaying systems (Sees. 17.11 and 17. 2[) . both of which have long duration (i.e., long fj) of 
deviation from the exponential decay law and well devised measuring methods with high controllability 
of measurement intervals. We have also discussed in Sec. 17.31 how to avoid the Zeno effect in general 
measurements, which are designed not to detect the Zeno effect but to measure the free decay rate 
accurately. 

In conclusion, the quantum measurement theory has revealed many interesting and surprising facts 
about the Zeno effect by general measurements. We hope that future works, both experimental and 
theoretical, will confirm and/or extend these results, and thereby explore more deeply into the Zeno 
effect. 
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